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SUMMARY 


Phis paper is devoted to a consideration of the following problem: An incom- 
pressible fluid sphere, in which the density and the viscosity are functions of the 
listance 7 from the centre only, is subject to a radial acceleration —yr, where y is a 
function of 7: to determine the manner of initial development of an infinitesimal 
listurbance. By analysing the disturbance in spherical harmonics, the mathematical 
problem is reduced to one in characteristic values in a fourth-order differential 
equation and a variational principle characterizing the solution is enunciated. The 
par.icular case of a sphere of radius R and density p, embedded in a medium of a 
different density py (but of the same kinematic viscosity v) is considered in some 
letail; and it is shown that the character of the equilibrium depends on the sign of 

p(p2—p,) and the magnitude of © yr. If yp(ps—pi) 0, the situation is 
instable and the mode of maximum. instability is / 1 for all © < 230; for larger 
values of © it shifts progressively to higher harmonics. In the case yp(p2.—p,) > 0 

results of both an exact calculation and an approximate calculation (based on 
the variational principle) are given and contrasted. In the case yp(pe— pi) < 0 
when the situation is stable, the manner of decay of the disturbance is briefly dis- 


cussed in terms of an approximate theory only. 


1. Introduction 

Tue character of the equilibrium of an incompressible heavy fluid of 
variable density stratified in parallel planes has been the subject of investi- 
gations by Rayleigh (1), Harrison (2), Lamb (3), Chandrasekhar (4), and 
Hide (5). But the related problem of the equilibrium of an incompressible 
liuid sphere of variable density and viscosity does not seem to have 
attracted any attention, though as an example of a problem in hydro- 
dynamic stability it has a definite interest. The problem recently arose 
in connexion with certain geophysical and astrophysical questions; and 
the solution (on a certain approximation) is presented here with a view 


to those applications. 


2. The equations of the problem 
A static state in which an incompressible fluid subject to radial accelera- 
tion is arranged in concentric shells and the pressure p and the density p 
are functions of the distance r from the centre only is clearly a kinematically 
{Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 1 (1955)] 
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realizable one. The character of the equilibrium of this static state can 
be analysed by supposing that there is a slight disturbance and then 
following its further evolution. Let the actual density at any point 2 


(2 1, 2, 3) following the disturbance be p+-dp, where 5p is a function of 


v; and the time ¢. Let dp be the corresponding increment in the pressure: 


i 


dp will also be a function of x; and ¢. Finally, let u; (i 1, 2, 3) denote 


the components of the velocity; wu; (like 5p and 8p) will be considered as a 
small quantity of the first order. 

In formulating the relevant equations of motion we shall make the 
simplifying assumption that the changes in the prevailing field of force 
caused by the disturbance can be ignored. In the case of a fluid sphere in 
equilibrium under its own gravitation this assumption will be justified only 
if the variations in the initial density distribution over the relevant dis- 
tances are small compared with the mean density: in other words, the theory 
we shall present will provide the asymptotically correct solution either 
when the variations in density become very small or when the order of the 
spherical harmonic disturbance considered becomes very large (cf. Cowling 
(6) and Ledoux (7)). Alternatively, the theory may also be considered as 
applying when the prevailing field of force is of ‘external origin’ such as a 
source of intense radiation at the centre. Equally, the theory will also apply 
to a spherical shell of fluid subject to an acceleration (caused by an ‘ex- 
plosion’ (say) at the centre) which impinges on the surrounding medium, 

On the assumption made in the foregoing paragraph, the equations of 


motion and continuity in Cartesian tensor notation are 


Cu; C C . 
p op Pir Ji op (1 
ct Ox, OX}. 
Uy ‘7 
Cu; 
and - = 0, (2) 
Cx; 


where (in accordance with the assumption) the acceleration g; (unaffected 
by the disturbance) is of the form 

q; y(r)2;; (3 
y(r), as the notation implies, is a function of r only. Also, in equation (1), py 


is the viscous stress tensor given by 


Cu, . OU; 
Pi Hf = = , (4 

Cx; CX} 
where » (which is a function of 7) denotes the coefficient of viscosity. In 


addition to equations (1) and (2) we have the equation 


oS « cp 
op u; f 
C CX; 
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1 


can which ensures that the density of every element of liquid remains un- 
hen changed. 
tx; | Inserting equation (4) in equation (1) and making use of the solenoidal 


n of character of u;, we find 






ur ‘ 
CU, ‘ - Cu, | CU;\ Cu . . 
— P op+pVPu4 | ‘ ' YOpx;: (6) 
ct CX; CX; C2X),] OX), 
as a 
Cu Uy du o- 
or. Since 3 ( ‘ ) 
the f CX). r dr 
orce we h ive 
re in Cu, PF . xv,(cu; Cu,\du 2 
p— bp+pVAu,4 (: .. we — yx; op. (8) 
only a Cx, r\ex,  Cx,;} dr 
dlis- : 1 . fs . ° . 
Similarly, equation (5) can be rewritten in the form 
Cory ’ ] 
°.? € . (Lp 
ithe Op--U, F 0, (9) 
. ct dr 
f the 
vling where U,. Ue, 7 (10) 
das is the radial component of the velocity. 
as a We shall seek solutions of equations (8) and (9) whose dependence on t 
pply is given by the factor ent (I 1) 
"ex- | 
— where ” is a constant. For solutions having this dependence on time, 
— equations (8) and (9) become 
‘ , o. , fe, . Omid 
op (npu;+ya,5p)+pV2u,+ —*{—_*4 —4 a (12) 
Ox, r\ex, ex;)dr 
\ , ud 
} and op r (13) 
n dr 
" Multiplying equation (12) by w;/r and remembering that 
tnd C C 
ected x; r—, (14) 
Cx; cr 
(3) « c Z fe x dp UX; X;, CU; - 
we cet op (pu, yr op)- - a; Vu; -~ — < . (15) 
: cr r dr r* Ox, 
> Pil 
Or since 
Xp CU; l C | | C | ou,. 
(4 ; — at Uy, U; 2; Ux; - -(7U,) u,. ; » ( 16) 
' re Ox; a CX}, r\e | cr 
In and the operations of x; and V* are permutable when applied to a solenoidal 
1 
vector, we have 
‘ ‘ rene dpe On, - 
‘ op (npu,+yr op) V(ru,) 2 —. (17) 
F . r dr cr 
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Next, taking the divergence of equation (12), we get ' 
: dp c an ' 
V7 dp nu, f Sy Op r (y Sp)! | I V7(ru,) + y 
| dr or ~ r dr 
c Y,fou; ou,\ du 
| | | ty ‘| I \ (18) 
cx; | r OX}, OX; dr | 


Again, using the solenoidal property of u;, we can reduce the last term on 
the right-hand side of equation (18) in the manner (cf. equation (16)) 


c {l ne be in) 


c r,| r dr } CX}. 4 U; | 
2 a1 du Ou, lduf. (Cu; . cu, 72 
? ? + O->;>. be u 
= : : g~k 4 < , ik k k 
} di / d) CX). } di | CX) c OF | 
d {1 du\ cu L Gitenn 
2) | f V(ru,). (19 
d) r dr ( r dr 
Hence 
z » 
. fio Cc a du ‘ d | du ou 
Vv? dp nu, u Sy Op r (y Sp) | + f V2(ru,) 2) | “| ie 
| dj cr } rar dir\r dr cr 


(20) 


Equations (13), (17), and (20) are the basic equations of this theory. 


3. The equation for determining the rate of growth of a spherical 
harmonic disturbance of order / 
We shall seek solutions of equations (13), (17), and (20) which are of the 
forms 
dp wa Y(t, 0), dp o¥(t,o), and wu, wl(d, 2), (2] 
where ¥;(3, 9) is a spherical harmonic of order / and a, c, and w are functions 


of r only. For solutions of this form, the equations reduce to 


{ d? 2d ils 1)) | dp - d | 
= + ; wo nw L Syo--r—(yo) 
\dr? r dr ye | | dr dr } 
2 du| ol 2d i(/ t l N rw) 2) d (" =e (29) 
rdr\dr2 rdr r2 | dr\r dr] dr 
la d* 2d ({l-+) du dw 
(npw+-yro) 4 My + \ 5 N rw) 2 fi (23 
dr } \d) z r d) eg dr di 
uw dp 
ind o (24 
n dr 
; : d? 2d (lH ‘ 
Letting f (rw), (25 


ldr? ' rdr or? 


wes 
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we shall rewrite equations (22) and (23) as 


l 5 lt + 
oo : (73 ya) or’ e F427 


3 d ( du) dw 
ke dr dr 


r dr d) 


| 9 
l(l+l)ew 20 | 
- dr d) 


(26) 
(18 da Lp ‘ du dw or 
ind 1 (npw--yro) : F4 7 . (27) 

1 on 


By differentiating equation (26) with respect to r and eliminating daw dr 
; { = 


between the resulting equation and equation (27), we obtain 


d | du dw | 
yr? { uw vra) I 2 

dr?\ oa dr dr \} 
du dw) 
: (1-1)! —(npw+yre) +" F+24+ 4 
| ) npu ) ro) = = a4 
(19) 7 d{%n4P , 4 03,5) 9,44 p (ee pen\dw|\ 9. (28) 

dr\ di di ’ dr dy? dr} dr | 


\fter some further reductions equation (28) can be brought to the form 


oo eee d{ d ~ d { Aju\ 
d ) (7-wW) ie ( i ; ‘ff 
taeda” NT area IT del ari 
(20 ] : 
2 b(n o | P—U(1+-1)w li 
d) \d) dr | 
| hp odpdu| " eine 
‘ical lil i ‘ate I *= dr | TG l)yro. (2) 
Now it can be readily verified that 
f the Ree : 
; dw 7 NW 
rP— Dy 1 aw—UI lw! rl — + (1+-2)(1—1) A (30) 
(2] | d) | | dy? yr? | 
: where W rw. (31) 
b1ons : 
Substituting from equations (24) and (30) in equation (29) we finally obtain. 
after some rearrangement of the terms: 
d{ d d . 
ip i¢W)\—o (rF)! 
dr\ di n di } 
(22) 1 d({ dufd?yv W Wi-+-1 , 1\: 
[te gimp eee 
n dr\ d) dr? i | r vi 
(23) K(/ HI) wt? . an dw\ (32) 
n> | dr dy dr| 
(24 where it may be recalled that 
, (d? 2d IUl+1)\_q, pie 
i f W. (33 
25 \dr?° rdr i 
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Equations (32) and (33) together represent a fourth-order differential 
equation for W. In seeking a solution of these equations we must satisfy 
certain conditions at the centre and on the bounding sphere. At the centre 
we must clearly require that none of the physical quantities has any 
singularity; this requires in particular that (cf. equation (31)) 


W-+>0O asr->0O. (34) 
And on the bounding sphere we must have 


W 0 and either aM or th 


ar aT” 


0 (on the bounding sphere), — (3: 


depending on whether the bounding surface is rigid or free} (cf. Jeffreys 
and Bland (8); and Chandrasekhar (9)). The requirement that a solution 
of equations (32) and (33) satisfies the foregoing boundary conditions will 
determine a sequence of possible values for n; and the sign and the magni- 
tude of the real part of » will decide whether or not the initial state is 
stable for a spherical harmonic disturbance of order / and will determine 
the rate of decay (or growth) of the disturbance. 


4. A fluid sphere of constant density and viscosity in an infinite 
medium of different density and viscosity 
We shall first apply the equation derived in the preceding section to the 
case when a fluid sphere of radius RP, density p,, and viscosity jz, is embedded 
in an infinite medium of density p, and viscosity p,. In each of the two 
regions of constant p and p, equation (32) reduces to 


/? 1 A? . 
(7 ) ae -(rF) 


) 
f dr? n dy? 


(l+-] , , 
(pl all 0), (36) 
/ i 


where, for the present, we are suppressing the subscripts distinguishing the 
two regions. 


Equation (36) can be written alternatively in the form 


{ d? r d li] L)) » V wy Q° 
w—"F)\—0, (37 
\dr? rdr y= ( i 


where 3 up denotes the coefficient of kinematic viscosity. The general 


solution of this equation is 
Aol I+1) (35) 


In the present connexion a free bounding surface is equivalent to an interface with 


1 frictionless surface. 
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where A, and A, are constants of integration. Using this solution in 


eql tion (33) we have 


@® 2d Uli, . 
ie UT Nw = ™{w—A,r—Agr-). (39) 
\dr* rdr ye | Vv i 


A particular integral of this equation is clearly 
W A,f+Agr“”, (40) 


while the complementary function is a linear combination of the integrals 


l Da 
/ iy (Mv); and k, ry (nm v)}, (41) 
W) vr ; 


where /,., and A,,, are the Bessel functions of the two kinds for a purely 
imaginary argument. (Strictly speaking, we should, without ‘prejudice’, 
express the complementary function as a linear combination of J,,, and 
J with the argument 7, (—n/v) and allow n to be complex; but we are 
expressing the solution as a linear combination of J,,, and A,,, with the 
argument 7, (nv) since we shall be particularly interested in the unstable 
ease when » is real and positive.) The general solution of equation (37) is 
therefore 


ae a 
W = A+ A,r-4 =" I,.af{ry(n/v)} 4 2 Kafr ln v)}, (42) 


where B, and B, are further constants of integration. 
Since W must vanish both when r — 0 (in the ‘core’) and when r > « 


(in the “mantle’) we can write 


Ws; A,r ss {ry (mv,)} (7 < R) (43) 
and W, = A,r) 4 Bs Kk sry (mvy)} (r > R), (44) 
Vr : 


as the solutions appropriate for the core and the mantle respectively. 

On the interface (r = R&) the components of the velocity as well as the 
tangential viscous stresses should be continuous. These conditions require 
(cf. Jeffreys and Bland (8)) that 


dW PW 
W. Tr and pe i (J+2)(1 Ww) (45) 
are continuous on the interface r R. 


\ further boundary condition is obtained by integrating equation 


)») 


($2) across the interface r R between r R+-e andr R—e (e€ > 0) 
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and then letting «0. In view of the continuity conditions (45) this 
limiting process leads to 


d| (uy  % p\\ dj lw %p\\ 
nlsee(—Be))] often] 


n 


i . 1) ‘ dw 
3 yl Pe Pr)|W | p+ 2n(n2— 1) | = 1 (46) 
n* | dr |.) 
where | W],, and [dw dr], are the common values of W, and W, and similarly 
of dw,/dr and dw, dr at } R. 
Since (cf. equation (38)) 
d | 
/ 


"|W —* F) (14-1)A, r'—1Ag 9, (47) 
ar 2 


/ 
an equivalent form of the boundary condition (46) as applied to the solutions 
(43) and (44) is 


(] l)p, A, R'4+lp,A,R (1+1) _ Is Lyf 


2) YR(P2— PL Wet 2n(n9 ms) 


~ 


dw ) 
dr || 
(48) 
In applying the boundary conditions (45) and (48) to the solutions (43) and 
(44), it is convenient to measure ¢ in units of R. Writing 


G1, = \(nR?/v,) and q. = .(nR?/v,), (49) 
we can express the solutions for W, and VW; in the forms 
B x 
HW; A,r 1 tT 3(q,") i=. 39 (50) 
Vr 
| , 
and We A,r (+1) 2 (Jor) (r 1). (51) 
Vr 


Now applying the boundary conditions (45) and (48) to the foregoing 
solutions we find 


A,+ By hal) = Ast Be Kyy(q2) (=| W)), (52) 
1A, + Biqy Li()—shaln)} (1+-1)Ay+ Bofqs Ky.4(d2)— 3.47.4 (42)}- 
(53) 


p,| 2(?—1)A,4+ B,f{—2¢, I; (41) (q7+- 2/7 +-21 1) Fi.4(4)} | 
[| 2U(1+-2)A,+ Ba{—2q2 Kj.4(q2) + (934+ 20? 4+ 21—1)K,,,(G2)}], (54) 
and (cf. equations (48), (52), and (53)) 


(/ l)p, A, Ip, Ay 


53 YR(P2— Paid By Ls(Q1) + Ast Be Kiss (G2)j 4 
I(i-+-1 
nR? 


(Hapa {l= 1) Ay By Li.) — a(n) 
(1+-2)Ag+ Bal qe Ky.3(42)— 34144 (92) 





: (55) 
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where primes denote differentiation with respect to the argument of the 


Bessel functions. Introducing the abbreviations 


Xy Pl . Xo Pe (ay XY 1), (56) 
PitTP P11 P2 
I(/ l) p ° | 
R s— Pi a sVpli(l . L)(a, Xo) 
n- Py Pe | (a w= 
(57) 
: l(i+-1) > 
und ( = My Be = U(l-+-1)(ay vy — x2 V2) 
di R? Py Pe dt +“ i 
we can rewrite equations (52)—(55) in the form 
A, +I).4(q,;)B,—Az— Ky, 4(q2) Bs = 9, (58) 


MA, [qq Liq) —dhaalm) |B, 4+ (4+ DAH 
[92 Kp. (G2) +24) 4(42)|Bz = 9, (59) 
Day vy (l2@—1)A y+ 9g yf 244 L3G) + (QE + 2P + 2I— I) a(Q)j Bi 
vy U(l+-2)A,— a vof —2q, K; (Fo) 4 (q3+-2/?-+-21 L)A, i(q2)} By 0 
(60) 
and 
Nay + 3R+(—1NC]A, + BR) + lh Lal) — shaq By 
[Jag + SR—(14-2)C] Ag+ {ERK (qo) + Cl de Ki 3 (G2) — 3 A442) |} Be = 9. 
(61) 
The foregoing equations represent a system of linear homogeneous equations 
for the constants A,, B,, A,, and B,; and the determinant of the system 
must vanish if we are to have a non-trivial solution. By equating the 
determinant of equations (58)-(61) to zero we shall obtain the required 


characteristic equation for determining n. 


5. The case v, = rv, 

In the further discussion of equations (58)—(61) we shall restrict our- 
selves to the case when the kinematic viscosities of the two fluids are the 
same, i.e. when 

Vy Vy. (62) 
This assumption simplifies the characteristic equation considerably; but 
one would not expect the essential features of the problem to be obscured 
by this simplifying assumption (ef. Chandrasekhar (4) and Hide (5) for 
the parallel discussion of the plane problem). 

When v, = vs, dy = Ig = V(nR?/v) = q (say), (63) 


and we find that the determinant of equations (58)—(61) can be reduced to 
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one of third order by adding or subtracting suitable multiples of the different 
rows (and columns) from other rows (and columns). Thus we find 


qh, ot-+-] qh, 
1 (— 2, ql, ’ 2[ x, (1? —1)—a, U(l+ 2)] vo G( 2K; qh;.,) 0), 
(1+-1)a, JF qCL,., (l-1)a,+la,+R—3C lay A, qC kh, 


(64 
where the argument of all the Bessel functions is now q. In reducing the 
determinant of equations (58)-(61) to the foregoing, one must make use 
of the various recurrence relations satisfied by the Bessel functions. 

On expanding the determinant (64) we find after some straightforward 
but lengthy reductions that 


. SH 
t+1)(a x,) (/ L)ay las 
q 
] , 9 , 
= 2(a,—a,)(2/+-1)q{a. lh, A x, (2? —1)f, 4 A; 
q~ 
4 (a — a4 )71(/?—1)(14+- 2)... Ay_y tay ag(2/+-1)?q7L,,, Ay 
fala, JF, Kk; v9 Dh. Kyyy)+2(a.—0y) hi Apap, (65 
where ( yp Rly? (66) 


is a ‘Grashoff’? number. 


Equation (65) determines as a function of q for each specified / and 


given x, and x, (= 1—a,). On the other hand, according to equation (63) 
n v q” - 
q” = a ; (64 
\YR UNY p V® 


thus q*/.G gives n in units of vy,. Hence, the (q¢, G:/)-relation which is 
directly given by equation (65) can be transformed into an (x, ©; /)-relation 
and using this last relation we can determine the dependence of on / for 
given & and thus complete the solution of the problem. 


6. The mode of maximum instability for the case v, = v, and 
P, > p,: an illustrative example 

When p, > p, and a, y,, equation (65) determines a (7, S)-relation 
which for g real and positive is monotonic increasing; thus as q increases 
from zero to infinity, © also increases from zero to infinity. According to 
equation (67), 7 0 and the situation considered is unstable. so we should 
expect that for a given © there will be a mode of maximum instability. 

The modes of maximum instability for various assigned values of © and 
Yy— Oy 0-1 were determined in the following manner. 
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By using the recent tabulation by the Royal Society (10) of the spherical 
Bessel functions for purely imaginary arguments, the (q, G)-relations were 
determined for / = 1, 2,.... 9 and for q in the range (0,10). Then, by inter- 
polating in these relations, the values of q (and thence the values of n) were 
determined (for each /) at which © had assigned values. The results of such 
calculations are summarized in Table | and are further illustrated in Fig. 1. 


TABLE | 


The (n \Y R: l)-relation for a» Xy 0-1 and for various values of ®. 


The mode of maximum instability is in bold type in each case 











ty) 
{00 600 SOO 10o0o 2000 3000 
0-106 O-195 0-221 0°245 o°25 0°266 0°272 0°290 295 
7 78 ‘258 0-280 0:295 0°306 0°337 | 0°35 
0°267 | 0°288 | 0-303 | 0°348 | 0-372 
o'211 0°243 | 0°266 0285 | 0-341 0°372 
7 o'1ds4 o°217 o'24I 0-261 0°324 0301 
0°162 | O°193 | O'217 | 0°236 | 0°303 | 0°343 
7 O°143 o°172 O7195 O*214 0°250 0°323 
o°7125 o'r154 o170 o'1g4 0259 0° 302 
Ol O5 g 52 oO°'rIs o"14o oO-1rbo O°177 0°239 o°252 
ty) 
.@) SOOO 10000 15000 20000 25000 30000 
o°310 o’3Ig 0° 324 0° 325 o°331 0°333 


7 0°37 O° 36 0° 394 0° 404 O°'41l o°416 0°420 

3 } O*40 0° 400 0°405 0°474 
0°393 0409 0-421 O°440 | 0°453 0°470 0°491 o'501 o'510 
ry . , o 


$20  0°444 | 0°460 | 0°490 


O°423 O°433 o°450 


"508 | 0°522 | 0°533 


0°37 C } $12, | 0°439 | 0°459 | 0494 O'517 | 0°534 | 9°547 
0°37 0°397 0°428 | o-451 0-492 O-518 0°538 | 0554 

O°413 | 0°439 | O484  O'515 | 0°538 | O°555 

397 | 0-424 | 0°473 | O°507 | 0°532 | 0°552 


From the results given in Table 1 it is apparent that for © less than a 
certain critical value in the neighbourhood of 200 the mode of maximum 


instability always occurs for /] = 1. It is found that 
NNyp, = 0-226 for! = landl=2 when 6 = 230; (68) 
the critical value of © is therefore more nearly 230. For © > 230 the mode 


of maximum instability shifts to higher /’s. 


7. A variational principle 

The discussion in the preceding sections of the character of the instability 
of a fluid sphere of constant density embedded in a medium of a different 
density but the same kinematic viscosity makes it clear that an investiga- 
tion of the problem under even slightly more general conditions is likely to 
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be very troublesome. However, it appears that as in the case of the plane 
problem (cf. Hide (5)) the essential features of the physical problem in the 
present case can be equally inferred from an approximate theory based on 
a variational principle. We shall now deduce this principle. 


® 
vy “ 300 
a ee ee tee . 20,000 
OC 
C 4 — - 
Pesan Steel ie 
4 b 7 > 7 
Fic. 1. Th . /)-relation for various values of © ( YR R'/p*). 
The values of © to which the various curves refer are indicated. 
The equation to be solved is (ef. equations (24) and (29)) 
d d . (]2 . ] | du d 7 
n | (ri )! : (urF) 2! f (rW)! 
dr\' di } ar-— dr\r dr dr | 
d (du W W , lu d°/W 
21+1)—(F -1(1-+-1)! np Re = ) 
d) di y | r r dr dr r | 
l(1 l . 
(+1) Pw. (69) 
n "a 
This can be further simplified to the form 
n ) (rv ) l(1 l)np V i 
dr\" ds | f r n : dr 
d? d {i dys d “ee | d*u , . pe 
(ur F)—2—} (rW)'+20(1-+-1) W—I(i+-1)"F —0, (70) 
dre drirdr dr’ | r dr — 


where it may be recalled that F is given by equation (33). And the boundary 
. i | : 


conditions with respect to which equation (70) must be solved are that 


W and eithei dW Pe d?V 


) vanish on the bounding surfaces. (71) 


dr dr? 





(7Q 
det 
the 


ter 


mt 
we 


tio 








69) 
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As we have already stated, the requirement that a solution of equation 


(70) satisfies the conditions (71) on the bounding surfaces will 'ead to a 


determinate sequence of possible values for n. Let n; and n; denote two of 


these characteristic values: and let the solutions belonging to these charac- 


teristic values be distinguished by subscripts 7 and j respectively. 


Now consider equation (70) for the characteristic value n; and after 


multiplying it by rW; (belonging to n;) integrate over the range of 7 (which 


we shall assume to be R,; <r < R,). We obtain after one or more integra- 


tions by parts: 


le z a ‘ iy F dr 


Ri R, 


ij Ry 
, (rW,) © Ws) ++ WW! a ce | oP ny WK,W; ar 


~— 


~ 


Rs 
dud a : i d* » ger 
ee ee | aa Wi; a 


R, R; 
Re 2 Rs 
W553 (urF,) dr +U(L+1) | wk, W; dr. 
R, R, 


\fter two successive integrations by parts we find that 


Ii Rs 


W, (ur F) dr tial f ucn © omer 
) j 7,2 \H! ;) di pr, (rW}) . + | pr, 3 (Wi) dr. 
R Ss Ff 
' d lw , 
Now ((W) =r‘ M on a bounding surface. 
dr dr 


[f the bounding surface is rigid, this vanishes. On the other hand, 


bounding surface is free, d?W/dr? = 0 and (ef. equation (33)) 


2dw : ; 
kf ; on a free bounding surface. 
r ar 


Hence in all cases we may write 


7 , 
rW 5 (ur F;) dr 


1 dr? 


dW, dW;\"" d? 
Sur — F,—,. (rW;) dr. 
| pe) dr dr x i pr ‘dp 3 (Fh ;) ar 


ki . R; 


Using the foregoing result in equation (72) and substituting further for F, 


( 


-~I 
bo 
— 


(73) 


(74) 


if the 


(76) 
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14 
in accordance with equation (33), we obtain after some rearrangement of hh 
the terms: E qu 
Rs R 
7 : — I(l- “dp | 
ni | p!<(rM)- t ow) 1a, w,\ dr EY | Pry WW; dr 
‘ Par di ‘| n; dr 
i R 
rid 
“Ildud a . a 
2 | = (Wi) 5-0) dr — 2U(141) ; oN W, dr Hen 
Oe i dy di : 
R ry 
; + dW. dwa® ) 
21-1)? | 2 WW, dr +| Qur oi ted | 
R re . i ar d) R l 
R ‘1 
oe 2 ra e ?2 
a ow) © (W | a" wy\\g 
pag (Wi) 7 (Wj) dr ++) (4 P We 3 (Wj) + Wj ari), ah a, 
R R, 
(77) 
Rewriting the last integral on the right-hand side of equation (77) in the 
manner 
rd IW; dW; 
 ¢ : r wa 96 i 2 ¢ F - al 
(W.W)—2 a W Wi); ’ 78) 
Var? itt dr dr A 
R, 
pr 
we can transform it by further integration by parts into 
R Rs 
“a ~ dW, dw, ee iE . 
aM W, dr —2 | p—!—4dr—2 | WM; - Bar. (79) 
Bae Z dr dr " ‘\r dr is. 
Ry R R, 
Thus, we finally obtain 
Cid K(1 ad 
an a ; — +] 
n; | p< (FW) (W)C, W;! dr —" | “dp yW,W, dr 
\dr dr ¢ n; J dr 
R R, 
| 2 dW, dw," 
=fLi 
e dr di I 
(a IW, dW, WW, 
| ¢ W d> ay ‘i ( ; j “. a "4 il : 
) rW,)+21(1+-1) i(l?—1)(14-2 dy 
| \dr? " dr? oa dr dr | fe) 
a 
R R 
dyu{ d d : came dy 
2 | dele ow)” WW) +1010, Wl dr —Ul) | “AWW 
J F dr \di dj ; ‘| F dr? 
R (sO) 


R 
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nt of i 


rchanging ¢ and j in equation (80) and subtracting the resulting 


equation from it. we obtain 


I 


city © WW) +p, dr ~ 
\d) di "7 nN; dr 
Ry 


ryW; Wi dr Q. 


(S81) 


R, 
| r dp 
nin; ) dr 
- (82) 


P me 
| ol OW) OW) IW, Wi) dr 


t¢/ a) 


ry WW; dr ® (¢ +79). 


If x, should be complex, we can suppose that 7; 


; and n; are complex 


dr conjugates and we deduce from equation (82) that 
tad i Rs j 
¥ d 2 | Pg 
{4 , r g| p re ‘ 
) r 4 ] + = * | ny 2 ° ’ &: 
the | “iF W) (/+1) W ; a nit. re W2di 0 (83) 
‘ if 
78) a relation which cannot be true if ydp/dr is everywhere positive. 
teturning to equation (80) and setting ¢ = j. we get (on further sup- 
pressing the subscripts) 
M+) fd 
' d 7. ; +1) 
| ° Pp, (rW) U(/ wel dr —- : | oP py W? dr 
79) J dr n J ar 
Ry 
fia]? IW? Ww? 
[el] orm) | + 2104 H(' LP 1)(1-+-2)—_| dr 
P \| dr? dr | 
it \ 
Ph dujfd 
. (LjL| ¢ a : rol 
2 (rVW LU(1+-1)W?! dr 
| yr dr\|dr~ } | 
: 
fa 1Wy2)" 
Kl+1) | SEW? dr +2 pe (84) 
dy? dr R 
R, “1 


This last equation provides the basis for a convenient variational procedure 
for determining n. For, by considering the effect on n (determined in 
accordance with equation (84)) of an arbitrary variation 6W in W com 


patible only with the boundary conditions on W , we find after some straight - 
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forward but lengthy reductions that 





Rs R, ' 
i d i Wi+-1) fd 
a| p| (rW)| + ul+1ywel dr 4 z ) | oP W2 dri dn 
| 2 \| dr | n° J ar : 
Ry Ry 
f we ul I 
4 . d d ‘ i ) Qiu 
| ro i | n a Ps (rV ] li] ] np ; ( : y = HW ! 
Ry 
d2 , dlldud ; 1 d? : : 
= (urF)—2 P< (rW))+200+1)— —" W—UI+1)E FI dr. (85 
ar- dr\rdr dr yr dr , | 


[t will be observed that the quantity which appears as a factor of 6W under 
the integral sign on the right-hand side of equation (85) vanishes if equation 
(70) governing W is satisfied. Hence a necessary and sufficient condition 
for 6n to be zero to the first order for all small arbitrary variations in W 
which are compatible with the boundary conditions is that W be a solution 
of the characteristic-value problem. Accordingly, equation (84) provides 


the basis for the determination of x by a variational procedure. 


8. Illustration of the use of the variational principle 

We shall illustrate the use of the variational principle derived in section 7 
by reconsidering on its basis the problem which has been exactly solved in 
sections 4-6. However, in applying equation (84) to this case, in which 
discontinuities in p and yp occur at 7 R, we must be careful to make 
allowance for them by dividing the range of integration into three intervals, 
0 to R—e, R—e to R+e, and finally R+e« to «, where « > 0, and then 
passing to the limit « = 0. By this limiting process we readily derive from 
equation (84) that for the case considered in section 4, 


en al , Ll me hl 
(rH l(i+1)W?3 dr ; ‘WwW, l(l-+-1)W3! da 
iF | “f po | ipa | ) a 





a | i GL) iat War) ° (P—1)(1 2) Wil dr 


aT i} 


a Le dW,\2 3 
“Hs | if 307M) +2U(1+1)| od _Wl2—1)(1 2a] o| 


(/+-1) r9 - 
Yr(P2— Pr) W*], 4 


l .)? ; 
5 (po ma) (rw)! 1 U(d4 We | 0, 
n _ r 


\d 


(S86) 


where 7 is measured in units of R. In equation (86) the symbol | |, denotes 
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the common value, at , = 1, of the quantity in the brackets (which is 
continuous at the interface). 

In the absence of viscosity the solution for W appropriate to the problem 
on hand is (ef. equation (38)) 


W=-R=-Ff © <h) 
and W=-R=re & > I). (87) 


This solution does not have a continuous derivative at = 1. Nevertheless, 
from Hide’s experience with the plane problem (5) we can expect that the 
use of this solution (valid only in the absence of viscosity) as a ‘trial’ 
funetion in the variational expression for 7 will lead to the correct depen- 
dence of n on the parameters of the problem. However, in the present 
instance (in contrast to the plane problem) the discontinuity in the deriva- 
tive of W affects one of the terms in equation (86), namely the term which 
occurs as the factor of (H2— 4). Thus, 


ta OW, ay LL | (1--1)(21-+1), (88) 

\dr 1 

while ie (Wy)! LU(1+1)W2| = U(2l4+1). (89) 
\dr bis “hh 


In using equation (86) in conjunction with (87) we shall take the average 
of the two foregoing values for the term in question. (This is admittedly 
a crude procedure, but it will presently appear that this term is only of 
secondary importance in the equation which we shall derive (equation 
(90) below) for n.) In this manner we find from equation (86) that 


[(7+- 1 ay +-Lary ln? f21(1+-1)[ (0+ Lay vy +-Laxg vg] + (21+ 1)?(axg vg — 4 vy) JX — 


K(l+-l)yn(a2—ay) = 0, (90) 


| 
R? 


where a, and a, have the meanings given in (56). 

The two terms in the quantity in braces in (90) are approximately in the 
ratio /(/ +1): (274+-1)(a,—a,); the second term can therefore be neglected for 
ly — Oy 0-1, and in all cases for large values of /. 

(i) The case v; = vy. To see how much reliance we may place on deduc- 
tions based on (90) (and therefore on results derived from the variational 
procedure quite generally) we shall consider the case of equal kinematic 
viscosities for which we have the results of an exact calculation (Table 1). 

For v, v, equation (90) becomes 


» 2 
n= Fouls 1)+ (ay »)“ ee yn (a2- “Ys 
2| . lta, J “ 


i+! ). 


0, 9] 
fe (91) 


R? 
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or, alternatively, 
n \* l 21+-1)?) n i+-1 
| | ! -) 2(14+-1) + (o.—4) | — (a- a J_9 
NY R) V6 lta, Ivyp lta, 
(92 
Hence 
2 l 2/+-1)? 
: aU 1)+-(a,- X,) | - 
\YR \ | . 2(l- v1)} 
I 2/+-1)?)? I(l-+-1 
- 11 1)+ (a, ) y + (ao Xy 2 (93 
-1 ®| 2(/4 v1)I " I~ ay 
al & 
sii RON tic © 
r ee 7 ite a lOc re 
O = 5 Pid a “ei : 
; w a 7 i x 
ee a Nias Se, — 
Aol ae 
| Pon 
onl s n,n 
"=== 100 
| 
- : 2 3 4 5 6 7 a 9 t 


Fic. 2. A comparison of the (n,/)-relations given by the exact theory (the points joine 
by the full line) and an approximate theory (the points joined by the dashed line) base 
on the variational principle. 


(ii) The mode of maximum instability for the case v, = vg and py > py 


When p, > p; and a, > a,, the two roots given by (93) are both real; one 
of these is positive and is the only one which is physically significant. Thus 
(2/+-1)?)? l(i-+-1)]4 
2(1+-a,)} bt 

| 


V6 


r ; (1 T 1) + (Qo x1) 
VY R (| ‘ 
(2¢+-1)?)_ 


(94) 
2(1+-a,)} 


U(l+-1)+-(a,—«4) 
and since n is positive the situation considered is an unstable one. 

The values of n derived from (94) for various values of / and are 
plotted in Fig. 2 (the points joined by the dashed lines) along with the 
results of the exact calculations (the points joined by the full lines). From 


a comparison of the two sets of curves it is apparent that the approximate 
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theory predicts qualitatively the correct dependence of n on / and ©; and 
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the quantitative agreement is not unsatisfactory. 


From equation (94) it follows in particular that. for sufficiently large /, 


he Be (95) 
NVR 21 
thus 7 > 0 as /-» x and this is in agreement with what one should expect 
on physical grounds. 

(iii) The manner of decay in the case v, v, and py < p,. For py < p, and 
ty < 2, both the roots given by (93) have negative real parts: the situation 
considered is therefore a stable one. However, depending on the value 
of ©, » can be complex for the lower modes. To see this clearly we shall 
neglect the terms in (2/-+-1)?(a,—a,)/2(/+a4) in equation (93): this, as we 
have seen, is permissible so long as we do not consider a,—a,! > 0-1. With 
this additional approximation we can now write 

n Wi+-1) , [P(l+1)? Wi+-1)]3 


~ ~ (x X5) : (96) 
VY Re v® ~~ (H , ™ 44 xy 


The condition for complex roots is therefore 


/2(/+-1)? | 
(+1? — WH), ay, (97) 
() lH Xy 


2 Ui +1)(1+-a4) 


or (\) (98) 


Xp Xe 
From (98) it follows that for a given © all modes beyond a certain / (say /,) 
will decay aperiodically; and this aperiodic decay can take place at one of 
two alternative rates. And all modes with / < /, will be damped periodi- 
cally. However, if © < 2(1+-a,)/(a,—«,), then all modes (including / = 1) 
will decay aperiodically. Thus for «a,—a, = 0-1 all modes will decay 
aperiodically for © < 29; while for © > 29 one or more of the lower modes 
will decay periodically: e.g. for © = 1000 the modes / = 1, 2, 3, and 4 will 
be damped periodically and all the higher modes will be damped aperiodi- 
cally. This behaviour of the solution in the stable case has certain similari- 
ties to the plane problem (cf. Chandrasekhar (4) and Hide (5)). 


9. Concluding remarks 

While this is clearly not the place to go into any detailed geophysical or 
other applications of the theory presented here, a brief comparison of the 
manner in which instability arises under the circumstances considered in 
this paper and under the analogous circumstances of thermal instability 
might be of some interest. For a fluid sphere heated within, it is known 
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(cf. Jeffreys and Bland (8) and Chandrasekhar (9)) that’ the mode of 
instability which is easiest to excite is ] = 1; in spherical shells this shifts 
to harmonics of higher orders. On the other hand, if the instability is that 
caused by an overlying material of higher density, then the order of the 
harmonic in which the instability will manifest itself will depend on the 
value of ©. But one general result can be stated: as long as © < 230 
the mode of maximum instability will always be /= 1. This condition on 
© is essentially a condition for a sufficiently high viscosity. For the 
condition © < 230 is equivalent to (cf. equation (66)) 


vy > R®y(yp/230). (99) 


If the acceleration on the heavier material causing the instability is that 
due to the gravitational attraction of the mass interior to R, then, 


Y 


Yr = 37 G, (100) 


where G denotes the constant of gravitation. Hence in this case 


v > (tap, G/230)! R?. (101) 
Choosing Py 10 gm./em.? and R = 5x 108 em. (102) 


as ‘typical’ values, we find 
v > 2-8 x 10! em.?/sec. (103) 


Now it has been variously estimated that the viscosity of the material 
of the earth’s mantle is 107-108. This value is larger than (103) by a 
very large margin. And one might conclude from this that if the viscosity 
of the earth’s mantle should at some time (in the process of cooling ?) hove 
‘passed’ through the value (103) before reaching its present high value and 
if an instability of the kind considered in this paper should have arisen, 
then the mode / 1 should be exhibited as the last surviving feature. But 
before one can be certain of such conclusions it is important that the basic 
theory be extended and generalized along several directions: and this it is 
hoped to do in the near future. 

In conclusion I should like to acknowledge my indebtedness to Miss 
Donna Elbert, who carried out all the numerical calculations pertaining to 
this paper. 

The research reported in this paper has in part been supported by the 
Geophysics Research Directorate of the Air Force Cambridge Research 


Center, Air Research and Development Command, under Contract AF 
19(604)—299 with the University of Chicago. 
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{ SOURCE IN A ROTATING FLUID 
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SUMMARY 
The flow due to a source placed on the axis of rotation in an otherwise uniformly 
rotating fluid is discussed. In the ultimate state the irrotational flow due to thy 
source is confined to the region inside a cylindrical discontinuity surface which has 
a bulge in the neighbourhood of the source, the surface being symmetrical abo 


the axis of rotation. 


1. Introduction 

THE effect of placing a weak spherical source in a rotating incompressible 
fluid has recently been studied by Stewartson (1). He neglected the inertia 
terms in the equations of motion and, in order to devise a problem analogous 
to that presented by a source, assumed that the fluid was slowly emitted 
from the surface of a sphere of radius a. The solution thus obtained involved 
the existence of vorticity immediately outside the sphere. The whole of the 
Huid leaving the sphere 2?+y?+2* a?, the axis of x being the axis of 
uniform rotation of the fluid before any discharge from the source, was 
ultimately confined to a cylinder circumscribing it, and the cylinder was 
consequently filled with the fluid possessing vorticity. This vorticity 
becomes infinite near the cylindrical surface y?+-z? = a®. It is clear that 
a point-source produces a flow which is irrotational, so that Stewartson’s 
problem bears no relation to that of a point-source. In Stewartson’s 
problem the spherical source produces a perturbation which involves a 
reduction in transverse velocity relative to fixed axes; but since at the 
cylindrical surface the perturbation-velocity becomes infinite, it is obvious 
that the whole solution breaks down there. For these reasons an attempt 
has been made to calculate the ultimate flow from a source in a rotating 
fluid. It will be supposed that the discharge starts from the source when 
the fluid outside is rotating uniformly about an axis and that it forces a 
passage for itself in both directions along the axis, as these are the regions 
of low pressure. Rings of particles in the outer fluid preserve their circula- 
tion as they expand. When the ultimate steady state is attained the fluid 
outside the irrotational region can have no axial velocity. For this reason 
the circumferential velocity must be a function of r (the distance of a point 
from the axis) only. Since the fluid issuing from the source must extend 
to infinity along the axis, this circumferential velocity must be that which 


{ Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 1 (1955)] 
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corresponds to a central expansion to the radius a which the column of 
fluid from the source ultimately attains. This velocity does not agree with 
that obtained by Stewartson and it could not be expected to do so. Our 
conception of the ultimate state is as indicated in Fig. 1, and our object is 
to determine the shape of the vortex sheet which separates the rotational 
fluid from the irrotational stream emanating from the source and to find 
out the ultimate velocity of the latter. 
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Fic. 1. Ase 
(The plotted points on the discontinuity-surface are the results of the numerical calculation 


ction of the discontinuity-surface and the irrotational motion due to the source. 
shown in Table 1.) 


In what follows we shall first obtain an equation relating the maximum 
diameter 2) of the discontinuity-surface to its diameter 2a at infinity. This 
equation is indeterminate, but using a ‘variational principle’ analogous to 
that used in hydraulics, we shall obtain definite values for a and 6} in terms 
of W, the source output, and Q, the angular velocity with which the fluid 
was rotating before any diseharge from the source. The measure of the 
deformation from the cylindrical form at all other points of the bulge will 
then be obtained by approximating the inside pressure at those points of 
the discontinuit y-surface to that at corresponding points on an impervious 
infinite cylinder of radius a due to a source of same output W placed on the 


axis. 


2. Calculation of the velocity of the fluid outside the vortex sheet 
We shall assume that before the source began to emit fluid and thus 
produce a vortex sheet, the liquid was rotating with the angular velocity Q 
about the axis of x. As the source is supposed to be placed on this axis at 
r = 0, the vortex sheet will be symmetrical about the axis of x as well as 
about the plane 2 = 0. Near the source there must exist a bulge in the 
vortex sheet. At a very large distance from the source this bulge will almost 
vanish. Let us denote the distance of the discontinuity surface from the 
axis of rotation at a very large distance from the source by a. The equation 


of contin” ity may be written as 


ar?—7a? = mr’? 
or r2—q? — 7’?, (1) 
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where 7’ and r denote distances of a particle of fluid from the axis of rotation 

before and after the spreading out of the vortex sheet. The disturbance is 

symmetrical about the axis of rotation and the circulation is constant. 
Therefore Or’? — vr, 


where v is the velocity outside the vortex sheet at a distance 7 from the axis. 


Or’? 
Hence v 
> 
: Q(r2—a? 
or. using (1), Us ) (2 
, 


This velocity vanishes on the discontinuity surface at a large distance from 


the source, because there r a. 


3. Determination of the maximum deformation at the bulge 
For the motion of the fluid outside the discontinuity surface the pressure 
equation may be written as 


dp v 
2 9 
dr f r 
d ()?(r2—a?)? 
or. using (2), i p 3 = 
ar r 


here p and p denote respectively the pressure and the uniform density of 
the fluid. 

Integrating the above expression and denoting the pressure outside at 
the point of maximum deformation at the bulge by (p,), and that at 
infinity by (p,),) we get 


: > (r?—a?)? 
(Pplo—(Pado pid : dr 
x 
13 
TG)? b2 ; 4a? log(ba)}. (3) 
~ b? ' 


where 2) denotes the maximum diameter at the bulge. 

Now the velocity of the fluid inside the discontinuit y-surface is obviousl) 
zero at a point of maximum deformation of the bulge; because from 
symmetry of the flow, the point must be a stagnation point. Therefore, 


denoting the pressure at the above point and at infinity by (p,); and (p 


respectively, we write from Bernoulli's equation, 


Wwe 


)———, 
4ra4 


(pPr)i— (Pa); y 
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ation where WW is the total output of the source. Here the density of the fluid 


ce ie coming out of the source has been taken to be the same as that of the fluid 
nt. outside the vortex sheet. 

Since the pressure must be continuous across the discontinuity surface, 
we must have We 


— ‘s 
axis, b2 4a? log(b/a) = - (5) 


b? 4r2atQ)? 


Equation (5) contains two unknown quantities a and 6, and gives a series 
of possible values of a and 6. The problem is indeterminate without further 
? information. We shall now use a ‘Variational Principle’ and the hypothesis 
that of all the values of b only that for which (db/da) = 0 need be adopted, 
from so that corresponding to a small variation in the value of a at infinity, there 
will be no change in the value of b. By differentiating (5) with respect to 
a and making use of the above hypothesis, we get 
2a* 
‘ 9 a > 9 9 
ssure a3} b2 , — 6a* log(b/a)+-a* 0 
52 
or (b/a)?—2(b/a)-?— 6 log(b/a)+-1 0. (6) 
On solving this equation we get 
ba=1 or 1-679 nearly. (7) 


We reject the value ba | since substitution in (5) would make a infinitely 
one large, and this is physically impossible in the case under consideration. 
Vo p , . : zs 
Taking ba 1-679 we get from (5) 

ey ’ W 
le at a® — 1-598—__, (8) 
it. at 2rQ 


Therefore the velocity at infinity is given by 


¥ WQ?\t 
or. using (8), q 0-7316( )’ (9) 


Thus, when the total output of the source W and the angular velocity 


are known, the velocity of the fluid at infinity can be determined from (9). 
yusly 
from , , : ae , 
m 4. Velocity potential due to a source inside a cylinder 
fore, 

Let us now consider an infinite circular cylinder of radius a with a source 
of total output W placed on the axis. Denoting the velocity potential of 


Mr. 'T. Brooke Benjamin informed the author that a number of problems in hydraulics, 
}) whit were otherwise indeterminate, could. be solved with the help of a ‘Variational 
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the motion due to the source inside the cylinder by ¢, the boundary | 
conditions may be written as 
ed) 
(i) (/ —0 
OT J 5—a 
ss (Zo . 
(ii) | Fir), 
Ov r=0 
where x is measured from the source along the axis of the cylinder: (r) is | 


a function of 7, the distance from the axis of the cylinder and will be defined 
later. We therefore seek a solution of 


i ror Cx” 
subject to the above boundary conditions. Because of the symmetry of q 
the motion about the plane x = 0, a knowledge of the solution for ¢ for 
vr > 0 will be sufficient for our purpose. Let us take for x > 0 
d Ayx T = A,,¢ ket Jy(k,, r), 
where J,(/,, 7) is the Bessel function of the order zero and k,, is an arbitrary 
parameter. 
From the boundary condition (i) 
Ch y one ( 
’ | 7 2 Aa* se Jo(k, ak, 
cl r=a 


> A, k,, e-**J,(k,, a). 


— " ” 


This condition can be satisfied by choosing the arbitrary parameter 


ke x, 4, Where «x, is the nth zero of J,(k,, a). Hence 
= Aypxz+ >} A, c-™4J, (x, r/a). 


The boundary condition (ii) gives that 


F(r). 
Let us now choose FPir)= U, forr<ce 
0 forr>e; 


physically this means that the liquid is flowing out through a hole of 
radius ¢ in the plane x = 0. Since the amount of fluid that is flowing out 
through any cross-section of the cylinder must be equal to that flowing 


in through the hole, A, = U,c?/a?, and therefore the above condition may 


be written as 


>A a)Jy(x,, 7/a) U, c?/a?— Fir). 


n 
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dary Using Dini’s expansion of Bessel functions (2), we may write 


2 fu %— Fe] falar) 
vy. /¢ —_ r . ra 
Ji(x,,) | "a? . 


dr 


a 


a 
. 


1 ° [@2 n2 
; | 2 ! } rd x, 7 a) dr y | rJo( Xn r a) dr 
) F a> a 
0 


») 
a? J? Nes 


. 


‘(r) is , 
‘fined = | TY 9 2 
2 oc ac c ac 
ate | = 1} J, (a, ¢/a) ——, — Jj (a, c/a) 
a*J2(a,,) | \a” = a* a, 
2U,¢ 
5 Ji Xn c a). 
JSi(x,,)ax, 
ry ot Therefore 
d for 9 
» [ce s A(x, ¢/4 ' 
é ] | 2 2¢ * 1 2 # Ye aJy( ie r a)|. (10) 
a* —/ Xp Ji x, ) 
Let us now assume that the radius of the hole ¢ in the plane x = 0 tends 
trary to zero in such a way that 
a ie 
Uy me WW 
, W 
OI Uy 
2c? 
where |)’ is the total output of the source. Since /J;(«,,¢/a) tends to «,,¢/a 
as ¢c tends to zero, the expression for ¢ may be written as 
neter : 
W : l 
d r—2a e~mria J (x, r/a) |. (11) 
» » " 
<7" a Xn Jy X,) 
This is the velocity potential of the motion of fluid in the region 2 > 0 due 
to a source of total output W placed on 2 = 0 at the axis inside an infinite 
cylinder of radius a. 
5. Determination of the deformation 
Let us denote the pressure just inside and outside the discontinuity 
surface at any point by p; and py respectively. If d denotes the measure 
of deformation from the cylindrical form of the discontinuity surface, 
le of ’ a d 
. > 9\9 
x out .(r*—a*y* , 
Po—\Pado pQ2* 3 di 
wing . ’ 
a 
may 


| ot (ata)? at(a+d)2 ta? log(“—")). 


Let us now assume that the inside pressure on the discontinuity surface 


is very nearly the same as that on a circular cylinder of radius a due to a 
source of same output W placed on the axis. Then 


ed\? W* 
ea] q Sa 


Pi—(Pa) 5p 








where ¢ is given by (11). Therefore 





) , 5 P a 
P; Pali of 424 — J, ( xX, ] 
oF gh hat J,( x} =e Jo x») 


Equating the pressure inside with that outside, we get 
a a a+d 
(a+d)*—a*(a+d)-? 4a? log| 
a 


aa | >: ne ee =) | 


+ J, (x,,) a~_— Si, (x,,) 


Xn) ¢ Xnw/a 


S pe 
het J, X,,) \ ou J, (x,,) 





But. from (8), —___._ — (+3918, 


Therefore 


Xn a XYnr/a\ 2 


ma eu 
1-5672| S S } (12) 
y J, ( Te yn, J,( x,,) 
This equation has been solved numerically for different values of the 
axial distance. The solutions are given in the tabulated form below. 


TABLE 1 


~ 


— 


oe @ © 


The results are illustrated in Fig. 1. 
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NOTE ON TEST FUNCTIONS FOR STABILITY 


By W. J. DUNCAN (Department of Aeronautics and Fluid Mechanics 
in the University of Glasgow) 


Received 29 April 1954] 


SUMMARY 


Simple relations are established between the determinantal forms of the test 
functions of a given polynomial and of certain related polynomials. These relations 
are applied to the computation of the test functions and, in particular, of the critical 
test determinant. It is shown that when the characteristic equation can be factorized, 


as when certain couplings are absent, the critical test determinant contains an 


irrelevant factor which is the eliminant of a pair of algebraic equations. 


1. Introduction 
THIS note is concerned with the test functions for the stability of dynamical 
systems whose equations of motion are linear with constant coefficients, 
These are functions of the coefficients of the determinantal or characteristic 
equation of the system and were first given by Routh (1, 2); the necessary 
and sufficient conditions for stability when the characteristic equation is 
of the nth degree are that the n test functions shall all be positive, it being 
understood that the equation is written with the coefficient of the highest 
power of the unknown positive. Equivalent conditions were later given 
by Hurwitz (3) and Frazer (4) in the form that n test determinants 7,,..., 7 


shall all be positive. Let the characteristic equation be 
p, A* +p, _,A" 1+...+p,A+ pM, (), (1.1) 


where p,, is positive. Then 


T, Dp, (1.2) 

Tz =|Pa-a P, (1.3) 
Pnu-3 Pn-2 

T’; D-. Py 0) (1.4) 
Pn-3s Pn-2 Pn-1 
Pn-s Pn 1 Pn 3 


and so on, where a zero is to be substituted for a coefticient when its suffix 


is negative or exceeds n. It can easily be shown that 


coh a Ae (1.5) 


” 


so the effective conditions are that 7}....,7,,_, and py, shall all be positive. 


” 
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It appears that py > 0 and T,,_, > 0 are critical criteria for stability (4, 5) 
since the first occurrence of instability in a system which is completely 
stable in a basic state must be indicated by the failure of one or the other 
of these two criteria. The critical condition 7,,_, 0 is of special impor- 
tance since, for example, it determines the critical speeds for the flutter 
of aircraft. 

[It is shown here that there are simple relations between the test functions 
of a given polynomial and those of certain related polynomials. These 
relations can be applied usefully in the computation of test functions. By 


aid of them it is shown, for example, that the critical test function 7,,,,_; 
for a characteristic equation of degree 2m can be made to depend on the 
test function 7),,, 3 for a related equation of degree (2m—2). By repeated 


use of this transformation 7,,,_, is made to depend on the test function 7; 
for a quartic and this is very easily computed. It is also shown that when 
the characteristic equation can be factorized, as when certain couplings are 
absent, the critical test function contains an irrelevant factor which is the 


eliminant of a pair of algebraic equations. 


2. Test functions of related polynomials 
We shall begin by taking a sextic equation and consider equations of 
other degrees later. Accordingly the equation under discussion is 


f(A) = pgA®+ ps rA*+ py A*+ pg A? + po dA?+ py A-+ py = O (2.1) 
and we consider the polynomial 
F(A) = P,A®+- P,°+ P,M+ P+ P+ PA+h% (2.2) 
obtained from f(A) by adding the sextic 
(p;A*+ psA?+ p,)(adr?+-bA+c), (2.3) 


where a, b, and ¢ are arbitrary constants. The coefficients of (2.2) are 


accordingly given by 


P, = petap; (2.4) 
P, = (1+-b)p; (2.5) 
Py = Py+apgt eps (2.6) 
P, = (1+5)ps (2.7) 
Py = Pop, + eps (2.8) 
P, = (1+-6)p, (2.9) 


Py = Pot epr- (2.10) 
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The penultimate and critical test function for F(A) is 75, where 


2 


7 n. & © 0 0 (2.11) 


Bh Pm 9 
RAR AR GS 
oR AP P 
0 0 0 F P, 


(1+-5)? | ps Pe t+ops 0 0 0 (2.12 
Ps Pat@p3+CPps Ps Pet aps 0 
Pi Pet@pPi+cps Ps PataPstrePs Ps 
0  Porepy Py Petr4P,+ecps Ps 
0 0 QO  PorePpy Pi 


on substitution from equations (2.4) to (2.10). In the last determinant: 


subtract from the 2nd column the Ist column multiplied by a and the 
3rd column multiplied by ¢ 

subtract from the 4th column the 3rd column multiplied by a and the 
5th column multiplied by c. 


Equation (2.12) now becomes 


ig = ( l T b)°T,, 


(2.13) 
where 7, is the penultimate test function for the original polynomial f(A). 


Similarly we find that the other test functions of odd order are given by 


T; = (1+6)7, (2.14) 
1 iA (1+-b)7,. (2.15) 
Next, 
T's POP, (1+6) ps; Pet+aps 
P,P, Ps Pat aP3T Ps 


P3 PatCPs 
(1+--6)7,-+-c(] b) pz. (2.16) 
In a similar manner we obtain 


T’, (1+-b)?7,-+-¢(1+6)?p, T,—c(1+6)?p, p; T,+-¢(1 +6)? py p3. (2.17) 


On account of the importance of the critical test function 7;, equation 
(2.13) is the most interesting of these relations. We see that all the test 
functions of odd order are unchanged when b is zero. 

Take now a polynomial of general even degree 2n. The equation from 


which we start is 


bo 
io 6) 


f(A) = Po, "+ ps, VP" I+...+p,A+ py = 9, (: 








an 


wl 
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wl 
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(2.13) 
ul f(A). 
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(2.16) 


(2.17) 
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(2.18) 
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and we consider the test functions of the polynomial F(A) obtained from 


fir) by idding 
(Py, A?" -* + pg, 3A” 4+... + p,)(ar?+bA+¢), (2.19) 


where a, 6, and ¢ are arbitrary constants. The coefficients of F(A) are 


therefore given by 


| ae (1+-b)po.+1, (2.20) 
Py, = Pop + Op ayy +CPay +1; (2.21) 


where a zero must be substituted for the coefficient p when its suffix is 
negative or greater than 2x. Hence we find by the method used for the 
sextic that the critical penultimate test function for F(A) is 


Ten -1 (1+-6b)"T,,, 1, (2.22) 
while the general test function of odd order is 
1", = (1+6)T,,_,. (2.23) 


The test functions of even order are given by equations which are the 
ceneralizations of (2.16) and (2.17). All the test functions of odd order are 
unchanged when 6 is zero. 

Polynomials of odd degree are of less importance in technical applications 
than those of even degree and they cannot here be treated in exactly the 
same manner. Let us take the equation 

f(A) Don sj Att py, A" +...+p,A+ py = 0 (2.24) 
ind consider the function F(A) obtained from f(A) by adding 
(Po, A2" + pos, 2A" -?7-+... + p9)(bA+¢), (2.25) 
where / and ¢ are arbitrary constants. We now find that the penultimate 
ind critical test function for the modified polynomial is 


Ton = (1+c)"T,,, (2.26) 
while the general test funetion of even order is 

syve —ryy é »r 

T,, = (1+¢)T,,. (2.27) 


Hence all the test functions of even order are unaltered when c is zero. 
Those of odd order are given by equations similar to (2.16) and (2.17) which 
can easily be obtained in any given case. 

An explanation of the simple relations (2.22) and (2.26) concerning the 
penultimate test function can be based on an argument which will be 
exemplified by the case where the polynomial is of even degree 2n. It is 
known (4) that 7,,,_, is a form of the eliminant of the equations 

Po, A” Don, 2 Az” eee | Po = 0, ( 
Pen a 2+ M6, 3a™ ot... | Pr = 0 (2.29) 


D 
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and the vanishing of 7,,,_, is the condition that the equations shall have a 


common root. Suppose then that 7,,,_, is zero so that (2.28) and (2.29) are 


simultaneously satisfied by A -B, say. Then f(A) has the pair of roots 
a 

-§ since we obtain 
r f(A) 0 


when we multiply (2.29) by A and add it to (2.28). But we see from 
2.19) that F(A) is also satisfied by A +f, whatever may be the values 
on -1 and 7},,,_, necessarily 


, must contain 7, 


of a, b, and c. Consequently 7%, , is zero, i.e. 7 


2n 


vanish simultaneously. We conclude that 7, 


2n 1 aS a 
factor and we should expect the coefficient to depend on a, b, and ¢; in 


fact the coefficient depends only on b, as already shown. 


3. Test functions when the characteristic equation can be factorized 
Let us consider a dynamical system having (m--n) degrees of freedom 


whose characteristic determinant can be represented in the partitioned 


Ay (A) Aye (A) 
form A(A) 0 Ago(A) 


0, (3: 


where A,,(A) is the characteristic matrix of the first subsystem ir isolation, 
A,5(A) is that of the second subsystem in isolation, while A,,(A) represents 
coupling agencies; it is to be noted that the system is degenerate since 


A,,(A) is zero. The first subsystem has m degrees of freedom, so 


A,4(A) 0 
is an equation of degree 2m and the second subsystem has n degrees of 
freedom, so 

A,»(A) 0) 


is an equation of degree 2n. It follows that 

A(A) Ay(A)| & |Age(A) 0 (3.2 
is an equation of degree 2(m-+-n). Now the complete system reaches a 
critical state when either of the subsystems does so. Consequently the 
iT, 


asa factor. We shall show, however, that there is another factor in 7,,,,,. 


penultimate test function 7),,,,.,, must contain the product 7),, 


For a system with m degrees of freedom each coefficient in the characteristic 
equation is of degree m in the dynamical coefficients (inertias, stiffnesses, 


damping coefficients) and the critical test function 7, 


m 


m(2m—1) in these coefficients. Similarly 7,,,,,,,_, is of degree 


om+en 


(m—+-n)(2m—+-2n—1) 


in the dynamical coefficients whereas the product 7;,,,_, 7;,,_, is of degree 


m(2m—1)+n(2n—1) 2(m?-+-n?)— (m+n). 


, is thus of degree 
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The difference of these numbers is D, the degree of the further factor in 


T, ...,. Thus 


D = (m-+n)(2m+ 2n—1)—2(m?+-n?)+ (m+n) 
4nn. (3.3) 

We have now to consider the nature of this factor, and the key lies in the 

fact (5) that for an equation in A of degree r the penultimate test function 

is given by 
. T= (—1)¢-)2 pr, (3.4) 
where I] is the continued product of the sums of the roots taken in pairs. 

This shows that the penultimate test function for the equation (3.2) can 

vanish in three distinct ways: 

(i) The equation Ay, (A) 0 (3.5) 
has a pair of equal and opposite roots. When this occurs 7),,_, 
vanishes. 

(ii) The equation Ay,(A) 0 (3.6) 
has a pair of equal and opposite roots. When this occurs 7, 
vanishes. 

(iii) Equations (3.5) and (3.6) have equal and opposite roots. This is 
indicated by the vanishing of the eliminant F,, of the equations 

Ay(A)) = 9) 
2(—A)| = OF 


(3.7) 
A 
Consequently 7,,,,,,,_; contains F,, asa factor and £,, can be written 


n” 


in such a way that 


T 
‘Lo Lo 


allt 


, om” 1” 29° 
n-1 = Ey. Tom 1 Don a (3.8) 


We shall now give a very simple illustration of the foregoing. Let 
A(A) Ay A+ ByA+Cy Ajyg.A?+ ByA4 Cys | — (3.9) 
0 A g.A?+- Bug A+C,, | 
Here the two factors of A(A) are quadratics whose penultimate test functions 
T, are B,, and B,,. Ey is the eliminant of 


A,,°7+ B,,A+C,, = 0) 


; (3.10) 
Ag. dr? — BygdA+Cyy = 0 J 
which « in be written 
Ey. Ay, Byy+ Ag, By) By Co2+ BoC) + (An Cx—Av Cy). 
(3.11) 
It can easily be verified that the penultimate test function for the quartic 
equation (3.9) is given by 
T, = B,, Bos Bis. (3.12) 
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4. Computation of test functions 

The results obtained in § 2 can be applied in the computation of tes 
functions and we shall begin with the case of the sextic equation (2.] 
Let us put 


b 0 ) 
a Pe! Ps {- (4.1 
Cc Pol P1 | 
Then we have by (2.4) and (2.10) that 
eat F 0. (4,2 


Accordingly the expressions for the test functions of the modified poly- 


nomial become 


Ts 4 (4.3 
i = FP, (4.4 
Ts = PP PPP) (4.5 
rT, = B(RPP—P, Pi—P, P) (4.6 
i. = FT,. (4.7 
\lso equations (2.13) to (2.17) yield 
‘iJ ‘i (4.8 
T, = T,,—cp? (49 
T, = 7 (4.10 
T; T's —cpzT3+-cp, ps T,—¢Po P? (4.11 
T. ¥F (4.12 


When interest is confined to the critical test function 7, the computation 
by the application of (4.6), (4.7), and (4.12) is particularly easy. Another 
scheme of calculation for the test functions of the sextic will be found in 
reference (6). It may be noted that the expression within brackets in 
(4.6) is the test function 7, for the quartic 

P, 4+ P, +P, A?+P,A+P, = 0. (4.13 
Hence we have, in effect, expressed 7, for the sextic in terms of 7; fora 
related quartic. 


We shall now take the octic equation and confine the work to the com- 


putation of the critical test function T;. We put 6 = 0, a = —pg/p,, and 
c Po/P1, So that P, Al 0. Then by (2.23) 
ji T. FAIR & () 0 |. (4.14 
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The fifth-order determinant in the last equation can be dealt with by 
either of the following procedures: 

(a) Subtract the Ist column x P,/P, from the 2nd column and the 5th 
column xP, P, from the 4th column. The determinant is then 
expressed in terms of another of the third order. 

b) Treat the fifth-order determinant as the test function 7, of the 


sextic equation 
P, 8 + P, °+- P,4+- P, B+ P+ P,A+P, = 0 (4.15) 
ind use the scheme of calculation already given for the sextic. 

Another method for calculating the test functions of the octic is given 
in reference (7). 

Equations of even degree higher than the eighth can be treated by an 
extension of the process given here. Thus J, for an equation of the tenth 
degree is expressed in terms of 7, for an octie and this in terms of J; for 
i sextic. Finally, 7; is expressed in terms of 7; for a quartic and so com- 


) 


puted wit h ease. 
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\ METHOD OF CALCULATING THE NORMAL MODES 
OF AN AIRCRAFT 


By B. A. HUNN (late Hawker Aircraft Ltd.) 
[Received 26 November 1953] 


SUMMARY 

In order to caleulate the critical speeds at which an aircraft will flutter it is first 
necessary to determine the manner in which the vibration will take place. This 
mode of vibration is generally obtained by assuming it to be expressible in terms 
of some of the aircraft normal modes. 

On a projected design it is therefore necessary to calculate the free space normal 
modes of the aircraft which will be required for the flutter calculation. A method 
of simplifying this calculation has already been proposed by the author (1), and 





now that this has been applied successfully some attempt has been made to amplify | 
and justify the technique. This is given here although the justification is not 
attempted on a general basis. Throughout, where possible and convenient, the 
various points raised are illustrated by numerical examples based largely on the 
uniform cantilever beam theory. 


1. Introduction 

[In order to calculate modes of vibration of a structure it is necessary to 
know how it deforms under any arbitrary system of applied loads. This 
requires, in turn, a complete elastic analysis which is known to be theoreti- 
cally possible provided the strains are of sufficiently small size to permit 
linear superposition (2). What in theory is possible in practice turns out 
to be extremely difficult when complete aircraft structures are considered, 
and it generally happens that some simplified approach such as ‘Engineer's 
Theory’ must be employed. This simplification necessarily introduces small 
local errors in the analysis which, though insignificant from the point of 
view of the structural engineer, can become quite important in the deter- 
mination of the higher modes of vibration of the aircraft. 

The discrete mass method for calculating normal modes finds wide accep- 
tance in the aircraft industry and involves the construction of a dynamical 
model (in the mathematical sense) in which the continuous mass distribution 
is replaced by point masses attached to a light framework whose elastic 
properties are those of the structure. However, the construction of the 
model does not seem to be governed by any rigorous rules of procedure 
except in so far as the number of point masses is related to the number of 
modes required. It seems intuitively obvious, though, that their distribu- 
tion ought to follow broadly that of the continuous structure; for example, 
a uniform beam is better represented by a set of equal masses equally spaced 


[Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 1 (1955)] 
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rather than the same number concentrated in groups. The distribution 
ought also to follow the trends indicated by the elastic analysis; for example, 
it would be wasteful to use a large number of masses in those regions where 
the motion would be small, i.e. near the root of a cantilever beam. 

These remarks indicate that the whole procedure is governed by intuition 
and expediency. Indeed, one overriding consideration is the extent of 
the computations made necessary by a detailed model, which is roughly 
proportional to the square of the number of point masses used. It follows 
that the general tendency is to use the minimum detail in constructing 
such models. If one accepts the statement by Minhinnick (3) that 
four times as many masses should be used as the number of modes 
required, hardly more than the first three modes of any structure can be 
calculated using a desk machine. If, instead of a simple structure, a complete 
aircraft be considered, then to obtain the first three modes adequately 
probably more than forty masses would be necessary. Even on electronic 
digital computers more than twice this number would involve, not only « 
lengthy and probably expensive programming, but also considerable basic 
elastic analysis. 

In solving the mode problem using the discrete mass method it is usual 
to determine iteratively the characteristic roots and vectors of a matrix 
whose size is determined by the number of point masses used on the model. 
The way in which successive roots are extracted from such matrices depends 
upon a linear manipulation of the columns and rows so that the order is 
reduced by one after each root is found, when desk machines are used (4). 
On digital machines the actual characteristic roots can be evaluated, which, 
onsubstitution back into the matrix, give sets of homogeneous simultaneous 
equations whose solutions are the characteristic vectors. In either case it 
can be shown that the modes, in order, depend to an increasing extent upon 
the accuracy of the elements of the matrix. It would be safe to say that if 
the fundamental mode were required to a 10 per cent. accuracy then a 
similar accuracy must be obtained in the elements of the matrix, and if the 
same accuracy were required of the first overtone, this accuracy must be 
improved to | per cent. If one bears in mind the simplifications imposed 
by Engineer’s Theory, it would seem difficult to ensure such an accuracy 
as would permit the calculation of any mode higher than the third. 

The method proposed in (1) replaces the freedoms of the individual 
masses by some normal mode shapes of the wings, tailplane, and fuselage 
under root-fixed conditions, in the matrix for the complete aircraft. In 
order to justify such a procedure it is first necessary to examine critically 
the diserete mass method. Certain questions emerge of fundamental 
importance (4). Perhaps the most important concerns the validity of the 
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dynamical model : whether one may replace a continuous structure posses- 
sing infinitely many normal modes by one possessing only a finite number, 
only the first few of which are representative. Secondly, since the deflexions 
of the point masses are interpreted as the ordinates of a continuous deflexion 
curve, to what detail must these discrete ordinates be known in order that 
the curve may be adequately determined? Thirdly, does the method 
suggested in (1), which makes use of the common idea of truncating infinite 
series of normal modes to a finite sum, fulfil the conditions of the con- 
vergence of the series in such a manner that finite sums are adequate? 
Finally, having regard to the replacement of subdivisions of the structure 
having extension by discrete masses, ought the implication of this extension 
to be taken into account by the use of moments of inertia? 


2. Outline of the method of approximate solution 
A general answer to the first question is difficult to obtain, but it is 
instructive to consider the problem of a cantilever beam (4). The normal 
modes are solutions of the integral equation 
l 
z(x) = w* | F(x, y)p(y)z(y) dy, (2.1) 
0 
where 


z(x) is the mode shape which may be chosen such that 
lim |z(x) 1, 
w is the circular frequency appropriate to a given solution. 
p(y) is the density per unit length, and 
F (x,y) is the deflexion at station x due to unit load at station y. 


If the beam length is large in relation to its depth, F(x, y) may be deter- 
mined from 


z 
' *(v—y)(v— 2) : 
F(x, y) = dv, forz< y, (2.2) 
od 7 E1(v) : 
0 
and use of Maxwell’s reciprocal theorem F(a2,y) = F(y,2). In this ex- 


pression FZ is the elastic modulus and J(v) the local value of the second 
moment of area of the cross-section about the neutral axis. 
The definition of the Riemann integral is 


| F(a, y)p(y)z(y) dy lim Y F(a, y,)e(y 2 Ye )(Yrir— Yr) 
= 


n—« r 


where y,., > y, > y, and N(y,, y, 


T 


,) is the norm of all intervals (y,, ¥,.;). 








0 V (rsp 1) 0 (2.3) 
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Accordingly one may write 


Y F(x, y)p(yYay)(Yria—Yr) = €(x)4 | F(x, y)ply)z(y) dy, — (2.4) 
l . 
0 


where € is a function of 2, », the distribution of y, and the order of the 
function 2(y). It is certainly possible to choose n and y, such that 


e(x)| < |2(x)|, (2.5) 


and this being a finite set of intervals the equations 


2(x,) = w ¥ F(x,, y)2(Y¥s)P(Y)8Ys 
1 


can be solved to give a finite set of roots, some of which will closely approxi- 
mate to the corresponding normal modes at the points x, = y,. A necessary 
condition for the validity of this approximation to the integral is 

(i) that the variation of F(x, y)p(y)z(y) in y, < y < Y,4, for all r and x 

is roughly linear. 

This condition necessarily rejects all roots whose mode shapes violate this 
condition. A sufficient set of conditions is 

(ia) that the variation of F(a, y)iny, < y < y,,, for all r and z is small, 

(ii) that the variation of p(y) in y, < y < y,,, is small for all r, 

(iii) that the variation of z(y) in y, < y < y,,, is small for all r. 

Though not necessary, these conditions indicate in what way a dynamical 
model can be constructed and provide a means of testing for accuracy the 
roots subsequently extracted. Though the valid range of roots can hardly 
be known a priori, it is certain that, since the number of zeros of z(y) for 
) < y < Lis equal to its order in the infinite set, considerably more discrete 
masses must be used in the model than the number of roots required. 


3. Influence of accuracy of the elastic analysis 
In point of fact the function F(x, y) is known only approximately, and 
ifone writes F’(x,y) as this approximate function, then 
F'(x,y) = F(x, y)+e,(x, y). (3.1) 
Clearly, since an exact elastic analysis is not available, the extent of €,(x, y) 
can never be estimated. It is, however, possible to illustrate the influence 
on the accuracy of the roots of the numerical accuracy of the elements of 
the matrix by the simple expedient of comparing the first few roots extracted 
from a matrix whose elements are expressed to six significant figures with 
those from the matrix obtained by rounding off the elements to four figures. 
This has been done for the case of a 5-mass dynamical model of a uniform 
beam. Comparative tables of the first three vectors are shown in Table 1, 
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together with the corresponding characteristic root values. These results 
show that no serious error becomes noticeable until the third root is reached. 
as might be expected. Although more than five masses should be used 
for a model from which three roots are required, it is sufficient to regard this 
as an exercise on a discrete mass system. It is to be expected that these 
results would be obtained on a model possessing a higher number of degrees 
of freedom, and therefore the accuracy of the vectors is a function of the 


accuracy of the matrix elements and not the number of degrees of freedom 


TABLE | 


» 


Comparison of 3 vectors from 2 matrices of differing accuracyt 





r 
o.° 





o0o°o 





4. A comparison of analytical and approximate solutions (ref. 4) 
[t is difficult to find suitable beam problems from which analytical solu- 
tions can be obtained. For this reason the example chosen for comparison 
between the analytical and approximate solutions is that of the uniform 
cantilever beam of sufficient length to permit the use of Saint-Venant’s 
principle. Since the beam is uniform, the density p(y) and the function 
EI(y) are constants. The following definitions are used: 
EI(y) kK, 
ply) Po> 
1 = beam length, 
y = distance from root, 
=(y) deflexion function, 
w, = 27 frequency of normal mode r, 


x, = mode parameter defined by cosh x,/ cos «,1 l. 


» general solution of the normal mode problem is 
~(y) A (cosh , ly 1) cos «,1(y 1)) 


cosh x,./ cos x, 1 





; 
(sinh «,/(y /)—sin «,U(y))' (4.1) 
sinh x,/+sin «,/ ; i: 





\ is defined in (4.4). 
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and the frequency is given by 


» (a,l)'K 
a 
Pol 
In passing it should be noticed that 
- |y ‘ 
lim y) Z. (4.3) 
yil)—>1| 2 
and this is the maximum value of z/A for all values of y/1. 
An equivalent dynamical model was constructed taking five equal seg- 
ments of beam (0-0-2), (0-2—0-4), ete., such that five point masses 0-2/p, 


could be placed at (y/) = 0-1, 0°3,..., 0-9. This model was then used to 
derive the first three characteristic roots. Throughout this example A is 
defined by K 
r ——— 4 (4.4) 
w*l4 py 


Comparative results of the modal shapes and characteristic root values 
are shown in Table 2. It should be emphasized that five masses would not 
be regarded as adequate for the extraction of the first three modes, but 
this number has been chosen to illustrate the falling off in accuracy fairly 
quickly. Since the amplitudes of the shapes are arbitrary, the corresponding 
vectors have been made to coincide at one convenient point in each case. 


TABLE 2 


Comparison of roots obtained analytically and approximately 








I (anaivi.) I (5 ) 2 (analyt.) 2 (5 mass) 2 (anal yt.) 3 (5 mass) 
O 0°07 0°0020597 O°001G312 0°0002627 0°0002266 
O } 0°03371 O°15526 019053 o45014 0°47552 
0°27 0°2740 1°05227 1'O7514 1*44900 1*39105 
0°07 904 0°05097 1°42733 1°42733 0°03935 0°02173 
175 S351 0°63410 0°57550 1°31455 —1°31455 
1°13361 0°45701 0°68035 


72479 7247 1°04750 














5. Discussion of the method on the complete aircraft 


If one turns now to the question of the most economical solution of the 
normal mode problem for the complete aircraft in free space, it is clear that, 
for any dynamical model, the number of degrees of freedom must be con- 
siderably in excess of the number of modes extracted, since each element 
of the structure must possess at least four times as many point masses in 
its model as the number of modes required. To illustrate this point more 
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clearly consider the deformation shape f(x,y) of a wing in a given mode, 
Let m,.(ax. y) denote root-fixed modes of the wing. Then 
f(x,y) s a,m(x,y), (5.1) a 
1 stl 
a, being determinate multipliers. m 
This equation implies convergence of the series so that a finite sum 8 go 
where : re 
S, > a,m,(x, y) (5.2) m 
no 
may be expected to provide an answer whose accuracy increases as 7 os 
increases. Let it be supposed that a given value of n, say no, gives answers th 
adequate for the purposes of the normal mode investigation. Suppose, | am 
further, that the dynamical model is so chosen that it can provide normal 
mode shapes J/,(a,y) such that th 
M(x, y) MAL, Y)+e,(x, y), (5.3) of 
where ec, ts small for P= 6: (5.4) th 
Then provided N No (5.5) 
the dynamical model will give an adequate approximation to f(x, y). th 
There must, however, be far more than N degrees of freedom in the 
dynamical model. By virtue of the two considerations, fu 
(i) that there must be four times as many point masses in the mode 
as the number of normal modes required, and 
(ii) that if s normal modes be required from the model, each influence | ° 
coefficient should possess a percentage accuracy of about 10~-6-) per 
cent., if the last mode is to be accurate to 10 per cent., T 


it usually follows that is limited, therefore limiting the types of shape al 


f(x,y) rather than vice versa. m 

Nevertheless, let it be supposed that for a given NV the modes can be 
adequately determined. It then follows that there are 4N degrees of free- 
dom on the model, 3.V of which serve no other purpose than that they are 
required to ensure accuracy in .V of the modes. The method of economizing 
on the computing labour suggested in (1) is as follows: 


FURR EERE: WE TST ne 
_ —+ 


(a) Construct adequate dynamical models for each element of the 


structure, such as wings, tailplane, front and rear fuselages, and com- 


0] 
pute such of their root-fixed modes as can be expected to agree with 
those of the actual structure: 
(b) Taking these root-fixed mode shapes as degrees of freedom together pe 
with rigid displacement modes, construct the usual Lagrangian equa- CC 


tions of small vibrations for the complete structure. The usual kinetic 
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node, and strain energy terms are, of course, computed from the dynamical 
models of the parts. 
a The justification for this procedure is simply that if the matrix were con- 
).1) structed for the complete aircraft using every degree of freedom, only those 
modes would be extracted which would substantially agree with the fore- 
im 8 going argument. In other words, supposing a given number of modes were 
! required for the complete aircraft, then, for example, the wing dynamical 
(5.2) model would have to be adequate for the description of those root-fixed 
normal modes which would be required in the description of its shape in 
~—- each of the complete modes. If any more of these modes were required for 
Swers | the description of the vibration shapes this dynamical model would be 
pose, — inadequate in both methods. 
ormal | The extent of the labour saving is quite obvious. Suppose, for example, 
_ the first p modes of the complete aircraft are required. Let the first ¢q modes 
(5.3) | of the wings enter substantially into the description of the wing shapes in 
(5.4) this range of frequency. Let the first , modes of the tailplane, the first s 
~ of the rear fuselage, and the first ¢t of the front fuselage enter similarly. 
(°°) | Then the total number of degrees of freedom in the iterative matrix for 
the complete aircraft is 4(¢q+7r+s-+4). 
n the The total number of multiplications in any iteration is clearly (for the 
fundamental) N, = 16(q-+r-+8-+t)?. (5.6) 
nodel " ' R “a ; ' a 
The sum of the number of multiplications in an iteration determining 
— the fundamental of each of the elements is simply 
) per N, 16(q?+7?+-s?+#*). (5.7) 
' The number of degrees of freedom in the final matrix of the complete 
shape fF aircraft using the method of (1) is (q+7r+8-+1#), so that the number of 
: multiplications in an iteration for the fundamental is 
an be | N, = (q+r+s+e). (5.8) 
free: | | a , , : 
oil Any precise analysis of the computing labour is complicated by the fact 
ee that the number of iterations required for the extraction of any mode 
—" ; depends upon the initial guess and the ratio of successive characteristic 
' roots. Further, it is difficult to take account of the zero elements in the 
f the § matrices which most generally occur. However, it can be seen that the 
com- order of labour saving is 
> with 
N—N2 = 15(q+r+s+t)* (5.9) 
ether | per iteration, for the extraction of the fundamental from the respective 
equa- complete matrices. As against this, of course, there is the labour of extract- 


inetic ing the roots of the elements, but since one can expect. q, r, s, and t to be 
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proportional to p—the number of times the iterative process has to be 
applied to the final matrices—the general order of labour saving can be 
regarded (per mode) as being roughly 

L6(q -—y—+-s- t)? 16(q? J 2. 92 t*) 
multiplications per iteration. 

There is another equally important implication of the method. Supposing 
one were limited by the computing machinery available to solving charac- 
teristic root matrices no bigger than N «.V, then clearly on using the 
discrete mass matrix for the complete aircraft no more than NV masses 
could be used, thus limiting the accuracy and number of modes which can 
be extracted. Using the separate normal mode method one may, however, 
use .V discrete masses per element so that in the case of four elements to 
an aircraft the discrete mass matrix equivalent to that which may now be 
set up would contain 4. degrees of freedom. 


6. Consideration of validity of the model under root excitation 
Certain questions arise in connexion with this method. Perhaps the most 
important is connected with the adequacy of a dynamical model constructed 
under root-fixed conditions which is subject to root excitation. Take, for 
example, the case of the front fuselage on an aircraft under symmetrical 
vibrations. The shape of vibration of the front fuselage could be determined 
from the differential equation subject to the modified boundary conditions 
at the root dz(0) 
(0) = a, - 6, (6.1) 
dy 
In general the problem is to decide under what circumstances the dynamical 
model, represented by a finite set of normal modes, may adequately deter- 
mine the correct vibration shape when subjected to root excitation. 
Consider the solution for a cantilever beam subject to the excitation 
2(0) = a, y=. (6.2 


The solution may be expressed as 

d 

| p(wz(y) dy 

z(y) aa * | = = < z,.(y), (6.3) 
| p(y)=r(y) dy 

0 


where z,(y) are the root-fixed normal mode shapes and 


Po lw? 
kK 


in the case of a uniform beam (see (4.2)). 


(x/)4 (6.4) 
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The solution can be obtained from the dynamical model of discrete 
masses by solving a set of simultaneous equations equal in number to the 
number of masses. However, the solution in terms of a model described 
by a finite set of normal modes is given by 


n 


<s » 3 Ir =rs> (6.5) 


a) = (6.6) 


x 
where dy a 4 
x 


and 

2. detlexion of point mass m,, 

_ = deflexion of point mass m, in the rth mode, 

y= the parameter associated with the mode frequency, the prime de- 

noting approximation to the correct value. 

Substitution of equation (6.6) in (6.5) gives a result analogous to equation 
6.3). 

Now, in determining the accuracy of such a method, careful definition is 


necessary. Quite clearly the shapes z, will depend upon two distinct sets 


“~— 


n ,n 
of numbers, i.e. the set a*/(a/!—a*) and the set > M,Z ys] > m,22,. If one 
s=1 s=1 


considers the first set it is clear that values of « which coincide with «a, 
or x,) cannot be allowed. However, neglecting these singular points, it is 
quite clear that since it is never likely to be true that |«,—a,| = 0 for each 
ind every r, it is quite possible to choose « such that 


_ |= K, (6.7) 


where A is large. It therefore follows that in prescribing « for an example 
inwhich analytical and approximate numerical solutions are compared, due 
sccount must be taken of the discrepancies between a, and «,. 

This may, on the face of it, seem a trivial point, but it should be remem- 
bered that it has a considerable bearing upon the mode shapes for a complete 
iireraft, for it often happens that the frequencies of the complete modes 
are close to those of the modes of the separate components. In passing it 
should be observed that though any uniform shift in the calculated mode 
frequencies is unimportant, it is essential that the relative distributions 
of the calculated root-fixed normal mode frequencies of the elements are 
very accurate, particularly if near coincidence between the modes on two 


elements occurs. 
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Considering the second set, ideally one requires that 

] l 
n mn > - . o 
> m,2,/ >, M2. | p(y)z.(y) dy/ | ply)z2(y) dy (6,8 
- s=1 0 0 
on referring to equations (6.3), (6.5), and (6.6). Two distinct types of 
inaccuracy can occur in evaluating this quotient. The first and perhaps 
the most significant type is due to the fact that the knowledge of a finite 
set of points on a curve does not constitute a complete specification. Ti 


illustrate this point, consider the set of points given by 
sin(n7a)—x 0. (6.9 
These are the intersections of the two curves given by 
Yy £ (6.10 
and y = sin(n72x). (6.11 


Let it be supposed that one were given this set in the form (z,, y,) and 
required to draw a curve through the points without any reference to their 
derivation. The curves given by equations (6.10) and (6.11) would be 
amongst the infinite set of possible graphs. Thus, given any set of points, 
without reference to the physical nature of the problem, it is impossible to 
draw a unique curve through them. The degree of uncertainty is, however 
considerably diminished if the intervals between successive ordinates are 


decreased by increasing the number of points. 


The second type of error is entirely due to possible inaccuracies in the 


calculation of the finite sets of ordinates themselves. Reference to the 
examples shown in Table 2 makes it apparent, however, that if the number 
and distribution of the points on the deflexion curve is adequate for its 
description then the calculated values of the ordinates will be sufficiently 
accurate, provided the elastic analysis is correct. 

To conclude this part of the discussion, a worked example on a uniforn 
cantilever beam is shown in which the root is subjected to excitation in the 


translational sense. The complete analytical solution is known to be 


a 
A —_—— {(1-+- cosh al cos al—+-sinh al si l)cosl 
y) 2(1--cosh al cos a" lat tabinie ee 
(cos al sinh al+-sin al cosh al)sinh ay- 
(1+-cos al cosh al—sinh al sin al)cos ay+ 
(cos al sinh al+-sin al cosh al)sin ay}, (6.12 
»2]4 
where (al)4 py wil (6.13 


kK 


Numerical solutions have been obtained using two dynamical models. 
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The first comprises five discrete masses and the second uses the first three 
modes computed from it. The results are shown in Table 3 for al = 5 
together with those obtained from equation (6.12). 

TABLE 3 


Comparison of shapes of vibration with root excitation 





Deflexion Deflexion Defle xion 








in s-mass model | 3-mode model 

—E EE § cnpmeemnatiicemnatiiegpitiatabinies 
° 10000 \ 10000 
orl 075185 O°5051 
03 1°g100 1*9200 
o°5 2°3263 3°2325 32189 
o'7 1°2359 1*4920 1°4972 
O° 1°O3519 2°5409 2°5450 





These results show clearly the inadequacy of the numerical approach due 
to slight errors in the calculated values of the frequency parameters. The 
associated functions of a/ are shown in Table 4. To underline this point, 
in the final column a value of the parameter al, say a*/, is chosen for the 
normal mode model so as to ensure that 


1 *])4 
<>. a (6.14) 

(x,2)4—(al)* — (ax. L)4#—(ax*1)4 
when r = 2. By this means the mode which contributes most to the shape 


is given a factor equal to that in the exact solution. It is found necessary 
touseal = 5onthe analytical model and a*] = 5-081150n the approximate 
model. 


TABLE 4 











(al)4 (a/)4 (x*/)* 

, (x, 1)*—(al)4 (x, /)*—(al)4 (a, L)*§—(a*l)* 
Inalytica 5-mass model ul ae § ul = § x*] = 508115 
187514 58376 1'02063 1°02056 1°01925 
1°69409 4°77027 4°45055 5°53092 — 4°45055 
7°35475 S*15051 019645 0°16499 o°17792 








It follows that a relatively small change in the frequency of excitation of 
the approximate model materially alters its shape of vibration. 

Table 5 shows the values of the deflexions in the approximate solutions 
when a*/ = 5-08115. 

From this table it is clear that the major parts of the discrepancies 
between these deflexions and those obtained analytically are due to the 
inadequacy of the approximate integrals as typified in equation (6.8). 
Undoubtedly a better agreement between the shapes could have been 

12.29 E 
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obtained by taking a value of al between 5 and 5-08115, but a moment's 
consideration shows that all the errors would not be absorbed by so doing, 
Several attempts have been made to improve these results, by the use of 
interpolation polynomials and by determining from the analytical ex. 
pression for F(x,y) the complete deformation shapes of the beam when 
subject to the discrete shear loads (see (2.2)), but in the main the smal 
degree of improvement obtained did not seem to justify the additiona 
labour. It was concluded that the only valid way of improving the answers, 
using a 3-mode model, would be to employ more discrete masses in the 
dynamical model. 


TABLE 5 





Finally it can be seen that the same sort of argument will apply when 
the root excitation is in the form of rotational vibration rather thar 
translation. 


7. Consideration of the validity of superposition 

A problem which is introduced when considering the behaviour of a rear 
fuselage—tailplane combination arises from the method suggested in (1 
It was suggested that the first few normal modes of the tailplane root fixed 
and the first few of the rear fuselage, without the tailplane, be calculated 
so that if these modes were freedoms, the shapes of the combination 
could be calculated, on setting up the usual Lagrangian equations witl 
the cross-coupling terms. The validity of such a procedure must now be 
considered. 

It has already been shown under what circumstances the calculations 
on a root-excited cantilever beam can give the correct shape. The problen 
is thus reduced to one of determining the rate of convergence of a series repre- 
senting a cantilever beam vibrating with constraint added at some point 
on it. 

For the purposes of this study it will be supposed sufficient to consider 
the determination of the mode shapes of a beam to which a point mas: is 
added, using, as basic data, the normal modes of the beam alone. Provided 
the solution is considered for both positive and negative values of mass, the 


reaction of an elastic tailplane can be allowed for. 











yment’s 
» doing, 
> USE OF 
cal ex. 
n when 
e smal 
litiona 
nswers, 


; In the 


Vv wher 


ry thar 


ft a reat 
in (1 
ot fixed 
“ulated 
inatiol 
ns witl 


how be 


ilations 
yroblen 
Ss repre- 


1e point 


‘onside! 
mass Is 


ro\ ided 


ass, the 








CALCULATING NORMAL MODES OF AN AIRCRAFT 51 


Let z.(v) denote the rth mode of the beam alone and let its total mass 
be MV. Let the mass m be added to the beam at y = yy. It can be shown 
that the normal modes of this structure are obtained from the infinite set 

f equations . 


M (w2—w*)q,—w?mz(Yy) ¥ Fe2(Yo) = 9, (7.1) 
1 
| where the amplitudes y, describe the normal modes of the combination in 


f(y) = > 4,2,-(y)- (7.2) 
1 


r 





In equation (7.1), w, is the circular frequency of the rth normal mode of 
the beam alone and w is the circular frequency of a normal mode of the 
combination. 

Since modes of the combination exist and since they can be represented 
by the series in (7.2), it follows that this discussion must primarily be con- 
cerned with the manner in which it converges. Obviously one is at liberty 


to choose f(y) fulfilling some prescribed amplitude requirement, say 


fAYo) = A (7.3) 
except in a finite number of cases when f,(y)) = 0. It then follows from 
equation (7.1) that generally 

fii w" - 
q A =-(Yo)| - a)- (7.4) 
M WwW. w~ 
+ Similarly the basic modes can be chosen to fulfil the requirement 
z(Yo) B (7.5) 
except 1 finite number of cases. It therefore follows that the series 
verges in a manner given by 
; Ve w- ee 
q, AB = = (4.0) 
M Ww, Ww 


ior any determined value of w. In particular, in the case of the uniform 


eam, the convergence depends upon the set of numbers 
(al)4 | -- 
when r > 3. (4.4 
(r—4)z]*—(al)! 
It can be seen that once (r—})z > al the convergence will be rapid. 


It is worth while considering a numerical example illustrating the prob- 
em. The uniform cantilever beam is used again, with normal mode shapes 
given by equation (4.1). Values of «,/ and z,(0-9) are shown in Table 6 for 


the first nine modes. 
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TABLE 6 


Values of x,l and z,(0-9) for the first nine modes 


ae nu © © eo 3 & 
nm 
F 
is 
oO 
? 


It will be observed that on using these numbers as they stand in the set 
of equations (7.1), restricted to no more than nine degrees of freedom, the 
amplitude condition in equation (7.5) is replaced by 
z(y l)| = 2. (7.8) 


The form of equation (7.1) is modified by dividing through by M(«,1)‘(al)!, 
which is equivalent to Mw? w*; and introducing 


l 
A (7.9) 
(al)4 
a characteristic root matrix is set up whose elements are 
; Meo ] 
a ] + — {2<(0-9)} —A, (7.10 
. MY" " \(apb)* 
in ee ete, (7.11 
rs M r s X, )4 


Two values of m/M are taken, i.e. 0-1 and 10, when m is placed 0-9/ from the 
root. This distance was chosen because it most nearly represents that 
which is likely to occur in the aircraft problem. 

The solutions obtained for the fundamental mode in the case m/M = tl 
using modes 1, 3, 5, 7, and 9 in Table 6 are shown in Table 7. These re- 
sults indicate that the frequency is the dominant factor conditioning the con- 
vergence, but an additional part is played by the variations of z,(0-9) withr. 








——— 


In particular it should be observed that any mode for which z,(0-9) = 0is | 


not affected by the addition of a point mass at 0-9/ from the root. 


As expected from the simple theory of infinite series, the rate ol | 


convergence to a sum correct to a given accuracy diminishes as the required 


accuracy is increased. For example, if a two-figure accuracy were required | 


for the fundamental mode in the above problem, certainly no more than the 
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first two modes would have been necessary. If, however, four-figure accuracy 
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were required, at least the first five modes would be required. 


Approximations to fundamental when m/M = 0-1 at yy = 0-91 


TABLE 7 





er 3-1 mode 
I I‘o 
2 | 0°00302304 


o'OO00I 95160 





Implitudes of basic normal modes in fundamental 





5-mode model 


7-mode model | 9-mode model 





1'0 
0°00302304 
0700019816 


1'o 
0°00 362312 
0°00019816 


1°o 
0°00 3023 14 
000019816 



































} 0°00001172 O'O0OOOII72 |  O'00001172 
5 0°00002424 0°00002424 | —0°00002424 
6 000001785 | 000001785 
i 7 O*0000I1 150 ©°000011 50 
the set 8 0°00000704 
om. the ew ae! a 0°0000041 3 
A 0*10500088 OIO500110 | OIO500154 o* 1050018 
(74.3) 


The case when a mass m 10M is placed at y, = 0-91 has been solved 


1)4(al)$ for the fundamental mode. The amplitude of the component modes are 
: 
shown in Table 8. 
TABLE 8 
(7.9 — 
Basi Implitude of basic mode 
le in fundamental 
’ I I°o 
(7.10 2 0°014975880 
; 3 0°0008 3295 
4 0°00004935 
- 5 O"000 10212 
(7.11 - — - 
A 2°50962535 
from the . : — sitet 2 2 = : 
In this case only the first five modes were used, but it is sufficient to illustrate 
’ Ss rat ° . . . . 
ae that, although the influence of m/.M increases, it never dominates the con- 
'  vergent tendency created by the frequency factor. 
VY —l <p ae ‘i , . . 
M While only the fundamental mode has been considered in this example, 
“hese re- — . . . — 
Thes it is to be expected from the theory outlined previously that similar results 
y the con- , : ; : 
th aa | would be obtained from higher modes. Numerical results for these modes 
9) with’. | : 
) WOT } have therefore not been included. 
9) = Ois a ; : saci 
It is interesting to consider the two limiting cases, when m/M tends to 
on ; positive and negative infinity. Reference to equation (7.1) again indicates 
» rate ol | . j 
‘ (a2 that for the equation to have any meaning 
’ required 
~aninired . > . = 
required § lim w?——z(y9) S q.2e(Yo) (7.12) 
; _ iter : 
» than the niM+io 4 a1 
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must be bounded for all 7. This therefore implies that either 
w2 > 0 (7.13) 
ol > de2(Yo) >. (7.14) 
s=1 


Either case in the limit implies no movement at y, although (7.13) implies 
no movement for every y including y,, while (7.14) implies that the beam 


vibrates in such a manner as to have a node at yp. 


In so far as positive values of m/M tend to decrease the frequencies of 


the modes from those obtained basically, it is clear that negative values 
will tend to increase them. If mM is sufficiently negative it is indeed 
possible for the frequency of the fundamental mode of the combination 
to lie outside that in which one is interested. The conclusions from these 
remarks may be summarized as follows: 

If one considers the determination of the modal shapes of a tailplane- 
rear fuselage combination using basic mode data, it is evident that the 
reaction of the tailplane on the fuselage in any such mode is expressible in 
terms of some positive or negative mass whose value is so chosen as to be 
compatible with the shape and frequency of the mode. Since it can be shown 
that such a combination has shape expressible in terms of rapidly con- 
vergent series, the use of a finite set of the basic modes can produce adequate 


solutions to the problem of their determination. 


8. On the introduction of extension of the masses of the model 


In discussing the question of the inclusion of the discrete mass extension 
instead of regarding it as a point, it is instructive to consider again equa- 
tion (2.1). The dynamical model of a cantilever beam is usually constructed 
by dividing it into segments (y,, y,,,) Which are represented dynamically 


by point masses m, ai stations #, where 


J l 


m, ( p(y) dy (8.1) 


. 
and z. | yply) dy. (8,2) 
mM, ; ; 


. 
TF 


Now one is primarily concerned in finding a good numerical approximation 


to the expression 


1 


| F(x, y)p(y)z(y) dy, (8.3) 


——_ 
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and this is found ideally if y/. is chosen such that 


Uroi 
. 


~— “ee l , 
ply,) F(x, y,)2(y,) ply) F(a, y)z(y) dy. (8.4) 
Y, +1 Yr “ 


Ur 


But to find vy, would be equivalent to solving the problem, and the 
chances of finding a set y’, fortuitously fulfilling this requirement for any 
one mode, let alone for all those modes required, would be very small. It 
therefore follows that the compromise procedure embodied in equations 
(8.1) and (8.2) is probably as good as any other. 

On the face of it the dynamical equivalence between the point mass and 
beam segment is not very good and the constraints due to che various 
/ rotations and moments of inertia should be included. Two ways of includ- 
ing these constraints are possible. Either one may add to the translation 
freedom of each segment a second due to rotation, or one may apply 
difference methods to the undetermined values of these rotations. The first 
method doubles the number of freedoms without generally reducing the 
mesh of points on the beam, while the second method is equivalent to using 
approximate values of the derivative of z(y), when in fact the derivative 
actually required is that of p(y) F(x, y)z(y). 

In conclusion, if account is to be taken of the extension of the segments 
of a beam without introducing additional degrees of freedom, it can only 
be done properly by using difference formulae in a way which cannot be 
} regarded as physically equivalent to the use of moments of inertia. 


9. The addition of the torsional freedom 

\ subject which is of particular interest in the construction of dynamical 
models for wings is the manner in which the addition of the dimension of 
depth to a beam already possessing length and thickness affects the prob- 
+ lem. With beams whose depth is small in relation to length, it is usually 
f suflicient to regard the curvature of the longitudinal axis as predominant. 
In other words, the deformations of sections in depth are negligible in 
comparison with those along the length. This naturally gives rise to the 


concept of a dynamical model consisting of a light rod possessing flexural 





} and torsional properties to which is attached a series of rigid rods, normal 

toit. having moments of inertia. This is usually the case with conventional 
‘ircraft wings in which the chords are of smaller order than the span. 
However, delta aircraft depart considerably from such shapes and this 
treatment of the problem becomes inadequate. To solve the normal mode 
problem on a delta configuration it therefore becomes necessary to deter- 
mine structural influence coefticients by a totally different method from 
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that which has been found adequate hitherto and to adhere rigidly to a 
discrete mass technique. With the conventional wing, however, use is 
made of the concept of a flexural axis. Its use can be regarded as gi ing 
a semi-rigid representation to the structure, for all sections of the wing 
normal to this axis are assumed rigid, whereas the wing as a whole is allowed 
to distort so that any such section can be displaced in a translational or 
rotational sense. 

Consideration of the semi-rigid representation of a conventional wing 
reveals that any dynamical model which attempts to reproduce the mass 
distribution must be constructed of a series of rigid rods attached normally 
to the flexural axis. If an attempt is made to account for the spanwise 
extension of any segment represented by a rod by giving it a rolling moment 
of inertia, the same type of problem is encountered which has already been 
discussed in the previous section on simple cantilever beams. There is, of 
course, no reason why the extension in the sense of thickness should not be 
accommodated, but since the aim of all aircraft designers is to make wings 
as thin as possible, it is a matter of conjecture whether or not this is an im- 
portant dimension. 

With regard to the torsional vibrations of such a structure, it is possible 
to construct a similar theory to that which is shown for the flexural freedom 
(cf. (2.1)). For example, a beam possessing torsional freedom only may 
have modes of vibration whose shapes are solutions of 


A(x) = w? ( M(x, y)i(y)A(y) dy, (9.1) 
d 
where 6(x) is the rotation at position 2, 
@(x, y) is the rotation at 2 due to unit couple at y, 
i(y) is the inertia density distribution, and 


w is circular frequency of vibration. 


When both flexural and torsional freedoms are present it is evident that 
two integral equations containing the integrals of equations (2.1) and 
(9.1) are necessary, which will be connected by functions denoting the 
displacement at 2 due to unit couple at y and the twist at 2 due to unit 
force at y. It therefore follows that the requirements for an adequate model 
of a simple cantilever beam will be identical in form with those for a dynami- 
cal model of beams with this additional freedom. Inessence, all this amounts 
to is that the intervals chosen for the approximate evaluation of a definite 
integral must be sufficiently small, the smallness being governed again by 
the number of modes required. 
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10. Conclusion 


fecapitulating, the points which have been dealt with are as follows: 


(i) the factors governing the adequacy of the discrete mass model; 
(ii) the influence of the accuracy of the structural influence coefficients 
on the calculated shapes of vibration; 
(iii) the conditions under which a beam, represented dynamically by its 
first few root-fixed normal modes, may give correct shapes when 
subjected to root excitation; 


(iv) the conditions under which one may validly superimpose the normal 
mode models of two structures in computing the composite modes; 
and 


the conditions under which it is possible to compensate for the 


< 
— 


extensions of the segments of the structure otherwise represented 
by point masses. 


The object of this paper has been to justify and amplify the method of 
solution outlined in (1). The justification has had to rely upon a determina- 
tion of some of the conditions in which the representation of the derived 
shapes by an infinite series of basic root-fixed normal modes converges 
with sufficient rapidity to permit truncation to fewer terms than the number 
of discrete masses of the associated dynamical model. This has only been 
done to cover the cases which are likely to arise in the method of reference (1); 
and indeed there must be many other ways in which structural subdivision 
can be employed, but the conclusions drawn generally are that this method 
is a valid one. 

The range of frequency in which the normal mode model is adequate can 
be expected to be from zero up to maximum frequency of that element of 
the complete aircraft whose discrete mass model possesses the smallest 
range of validity. For example, suppose the wing model were adequate 
up to 60 ¢.p.s., the tailplane model from 0 to 70 ¢.p.s., the rear fuselage 
from 0 to 100 e.p.s., and the front fuselage from 0 to 75 ¢.p.s., then the 
normal mode model constructed of all those modes of each part in these 
respective ranges can be expected to be adequate up to 60 c.p.s. 

When one constructs the dynamical model for any part of the aircraft, 
the test of adequacy is not simply whether or not the discrete displacements 
calculated in the modes correspond to those which would be obtained 
analytically, but also whether or not there are sufficient of these calculated 
displacements for the kinetic energy in any such mode to be computed with 
sufficient accuracy. In fulfilling this last requirement the first is usually 


more than adequately satisfied. 
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Finally, if one bears in mind the accuracy required from the elastic 
analysis in computing the higher root-fixed modes of any part of the aircraft, 
it is concluded that not more than three modes of the flexure type can be 
expected to agree with experiment so long as Engineer’s Theory is retained, 
[t therefore follows that if this method of elastic analysis is used, only those 
modes of the complete aircraft that can be expressed in terms of the basic 
root-fixed modes up to the second flexure overtone of each part of the 


structure can be satisfactorily computed. 
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THE STRESSES IN) AN) AKOLOTROPIC 
CIRCULAR DISK 
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(Duke of York’s Royal Military School, Dover) 
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SUMMARY 


his paper is based on the work of Livens and Morris on the use of complex 
ential theory of two-dimensional elasticity for dealing with the plane strain and 
associated generalized plane stress in an aeolotropic plate. The stresses are obtained 
from a complex potential function @, which in this work has been found for a circular 
plate under various edge loadings. These results have been combined to give the 
st general case where the edge loadings can be expressed in the form of a Fourier 
series. ‘The paper then deals with the particular material oak and gives the distribu- 
n of | p stress on the boundary of a circular oak disk due to a pair of equal and 
pposite radial forees at right angles to the grain. 
, 
1. Introduction 
Ix recent years several authors have treated the fundamental problems of 
two-dimensional statical elasticity, viz. the problem of plane strain and the 
associated generalized plane stress problems, by the use of functions of a 
y complex variable. Such problems have been very thoroughly investigated 
in the case of isotropic materials, but have received comparatively little 
ittention ia the case of aeolotropic materials where solutions of simple 


| problems are far from complete. The results of this paper are based on the 
method of Livens and Morris (1) and Morris (2). In (2) Morris has dealt 


with the generalized plane stress problem of the elliptic disk under given 


- edge stresses, but for the particular transformation used in that paper it is 
not easy to deduce the corresponding results for the circular disk. In any 
case no details are given for specific problems, as have been given for the 
isotropic case. This paper gives a comprehensive treatment of the general- 
ized plane stress problem for the circular aeolotropic disk under the most 

, general edge loading. Stevenson (3) has solved this problem for an isotropic 


arcular disk in polar coordinates, when the boundary is under a normal 

pressure over equal and opposite ares, evaluating the hoop stress at the 

ends of the two symmetrical diameters at right angles. Rothman (4), using 

Stevenson's methods, treats the isotropic circular disk under the action of 

‘number of isolated forces on the boundary, assuming a balancing force 

nd couple at the origin when necessary. In these isotropic cases these 
| : 


[Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 1 (1955)] 
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authors use potentials (2(z) and w(z), z = x+y, which can be determined 
from the boundary conditions and the condition that the displacement must 
be single valued. The connexion between Q(z) and w(z) is, however, far 
from simple and Stevenson gives no real indication as to how he arrives 
at his potential functions. He assumes certain forms of these functions at 
the beginning of each problem and then shows that they fit the conditions 
given, provided certain constants involved take on certain definite values, 
[t would appear that the forms of the potentials assumed are arrived at by 
means of trial and error. This is probably inevitable in the case of isotropic 
material since the simple relationship between the functions is only brought 
out in the more general problem of aeolotropic material and, in fact, the 
whole problem is then interpreted in terms of a single potential function 
involving the elastic constants of the material, which tend to zero for 
isotropic material. The relation between parts of this single potential 
function and the Q(z) and w(z) of Stevenson is given by Morris and Livens 
(1), section 5. 

In addition Okubo (5) has dealt with the stress distribution in an 
aeolotropic circular disk compressed diametrically, and this is, of course, 
a particular case of the general results given in this paper. 


2. General method 

The plate considered is assumed to be of uniform thickness in the (x, y)- 
plane, the normal to the plate being in the direction of the z-axis. The 
material of the plate has two directions of symmetry at right angles in the 
(2, y)-plane, and these are taken to be parallel to the x and y axes. 

It has been shown (1) that the stresses can be obtained from a complex 
function (Q(z) by means of the following formulae, 


_ 1 
LX YY airy -—., 
i ‘ dz 

dQ 

dz : 


+H = 


The complex function Q(z) is made up of four simply related parts, 
m 1, 2, 3, 4, that is, 


1 
> Q.,(2,), where z 2+-A_ Z. 


m\"n m d 
1 


The constants involy ed,A,,, in this value of (2(z) are the re ots of the reciprocal 
quartic 
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where s,;, ete., are the elastic constants of the material given by Green and 
Taylor 6). 

Two of the roots of this equation are the reciprocals of the other two, 
and if we call the two roots which are less than unity A, and A, then 


l l 
A. = and A . 
wan . = 
This leads to the result that 
l l ] 
a =z A S z— z = 3 - A z= = — 2 
; ; Ay . ita Ay ; 


. ;, dQ 
5. 22 80 that, remembering that j must be real, we 
Ay ~ az 


derive the following simple form for Q, 


and similarly z, 


l , | ‘ 
Q(z) = Q,(2,)-4 O2(22) + 7 Q.(2,) + — 22(22), 
1 


where Q, is derived from Q, by replacing A, by A, and the other two remain- 
ing functions are simply the conjugates of the first two. The A, and A, are 
the y, and y, of Green’s analysis. It is thus only necessary to determine 
0.(+.) 
(),(z,). 
and the conjugates of these give the third and fourth potential functions 


Then Q,(2,) is easily obtained by interchanging A, and A, in 22,(z,), 
when divided by A, and A, respectively. 


3. Application to the problem of the circular disk 
For the problem of the aeolotropic circular disk we follow Livens and 
Morris (1) using curvilinear coordinates € and 7 connected with the rect- 


angular coordinates 2 and y by the relation 
-ae~'S where € = €+in, 


ind which for 7 < 0 gives the space bounded by the circle |z, = a. Then, 
constant represents a circle, 47 is the outward radial stress, and nt 
the tangential stress measured in a clockwise direction at any point on this 
circle. 
We make use of the following results given by Livens and Morris. 
When the stress on the boundary is such that an—int = f(€), the con- 


dition for Q when 7 0 is 


ane 


Q = 2 | f(u)z’(u) du. 
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The resultant stress on the boundary has a value 


\lso Morris (2) gives the 


as 


For the 
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Following the usual method we now have 


ae-S and z,, = ae-S+ ), ae! 
so that on the boundary of the disk, where 7 0, we have 
a 
at-Ay 
t 
where f f €. This equation in ¢t has two roots: denote that root which 
reduces to e~€ on the boundary by f t,(z,,)» Then @ can be expressed 


in the form 


1 
QO= ¥ Qt.) 
a? ” 
Q= QO,(t,)+Q.(t.) | O,() a3 
ee ia 


moment of the resultant couple about the origin 


Any 


the 


an 


col 
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Any given boundary stresses are now expressed in a Fourier series in €, 


e.g. 
(77 i n€) T(E) ps p, ern 
— se st of 
Pot > (p,e"*+p_,e-**) (3.5) 
n=l 


If 02, (¢,) is now assumed to be of the form 





rigin 
n 
£2,(4;) > Ginn 
n KL 
then on the boundary where 
= 
ty =.=, =e, 
ty 2 
Q reduces to the form 
1 a ; 
Q(t) » > @,,e°**, 
ie ,* mu 
m=1n 
31)? and comparison of this series with that obtained from (3.1), (3.4), and 
3.5) will enable us to determine the coefficients a,,,, and thus obtain the 
comple x potential cs. 
(3.2) | We have ascertained that the application of this method to the case of 
circular hole in an aeolotropic plate stressed only at the boundary of the 
hole gives results identical with those obtained by Holgate (7) in sections 
(3.3) 5 and 6. 
The problem of the disk is not, however, as simple as that of the hole. 
It has been shown by Livens and Morris (1) in sections 8 and 9 that the 
| stresses are functions of dQ/dz and dQ/dz and if Q,, = F,(t,,) we have 
dQ, I nite) dQ, An k me | 
dz 2m (tm) dz =m (tm) 
nd the stresses become infinite when 2’, (t,,) = 0, in this case when 
A a 
' a =~ - Q, 
; 2 
Lich = 
sed e. wher t -vA,, and t,, I. 
These are the branch points of the transformation and lie within the circle 
In the case of the hole no circuit in the plate can cross the line joining the 
>.4) , 


nch points so that all potentials and stresses are single valued. 
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In the case of the disk, however, these two branch points lie within the 
material and unless the function @ is chosen in a particular way, it may 
not be single valued, i.e. it may change in value on crossing the cut. The 
method used to ensure that Q is single valued is as follows. 

If ¢,, is the root of the equation z,, = at+-(A,,a/t) which reduces to « 


on the boundary, then the other root is t = A,,/t,,. We therefore choose 
Q) to be of the form 


" 


“ x) 

r m . ’ 

QQ, S Ane < x 1" ). (3.6) 
r — "4 \ m 


On crossing any cut joining the two branch points the roots are inter- 


changed leaving the expression ¢7,+-(X’,,/t7,) and hence Q,, unchanged. 


To determine the hoop stress €£ on the boundary we determine the 


value of n7+€€ = dQ/dz on the boundary, and since 77 is known this 


determines €£. Remembering that z,, = a(t,,+-A,,/t,,) we have 
in 5 dQ Q(t C5 (to 
[nn T &€], c= | | = 2re| ala) = 2) (3.7) 
dz jy <0 2(t,) — Zo(to) |-t-t- 


We shall now apply the general method outlined above to specific prob- 
lems of the aeolotropic circular disk under given edge stresses. 


4. The simplest case of edge loading, 77)— inf = p, where ), is real 

The simplest case of edge loading is that in which the stresses are con- 
stant and given by 77—in€ = po. Using equations (3.1), (3.2), and (3.3) we 
obtain r- 


—2ia poe" du = 2apye if 2apyt. (4.1 


The resultant boundary stress is 
X+2Y —a Po é ig dé = <). (4,2) 


while the resultant couple G about the origin is 


oe 
reia? | py dé 1 27a" pp, (4.3) 
0 
and if py = P+iQ, then G = —2za?Q, and for the boundary stresses to 
be in equilibrium, p, must be real. This is the case we now consider. Let 
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f n\ 
: n | “m 
Qltm) * Ant ). 
——— 


\ m 


n x 





Ren 
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n the Then 

may | X M6 8s he Si Be 

1 Q > | @in( ff +55) + 42n(08 +S 1g, (#4 A)4 a, (e+) I; 
he ial ™ Ss n'a 


on the boundary where t, = ¢, = f;! = #7! = t this must be equal to 2ap, ¢, 


D ¢ 
hooee which in this ease is 2a Pt. 
Comparing the coefficients of t and t-! we get 
7 7 » 2 
(3.6 Ay + Ay +4, +4q, = 2al 
9.0 i 
, : a re (4.4) 
Ay 441 +A2 414 \, “1 ry dy = 9 
Y . 7 2 
inter- 
l. } Remembering now that a@,, is derived from a,, by interchange of A, and A, 


e the these equations give 








this Ay(1-+A5 
ay i) aP 
(1—A, A,)(Ay—Ag) 
(4.5) 
A,(1 +A} 
(3.7 ind Ay a 
(1—A, Ay)(A, —Ag) 
prob- All other values of a,,,, are zero. Also 
[ny fe] ve? Q(t) , Qs 3) 
/ $$ jn=0 as ae * 
real Mh) alla) Jami 
 con- re 2 a,(1- Ay 7 y(1 “Ay | 
3) we a(1—A,/#) a(1—A,/t3) J,-t9-t 
lay, +4, 
re 2] 2 “| (4.6) 
(4.1 = 
2P from (4.4). 
As [77],-0 = P then [££],-» = P, (4.7) 
(4.2) which is the well-known result for hoop stress. 
5, Case when 77—inf = p, Where p, is imaginary 
When the constant edge loading is purely imaginary, i.e. when 
(4.3) =~ . 
nn—in€E = 1Q, 
onde Q = 2iaQt (5.1) 
Let ind the resultant stress X+7Y = 0. (5.2) 
There is, however, a resultant couple G given by 
G 2na2Q. (5.3) 
F 
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We consider the case where this is balanced by a couple —G applied at 
the origin. Morris (2), section 5, has shown that the stress potential due to 
a couple —G applied to a small circle round the origin is 


 — iG A \ A, | . 
9 St a = 5 
“aT7|%,; %2 “ %g 
rmM.: ° iG A 
This gives Qo, = ws 
= Om oma (t nl t ) 
= m mi*m 
and in the neighbourhood of the edge of the disk where [t,,| = 1 this 
can be expanded in the form (since |A,,| < 1) 
ee A,\~ 
Qom = —iaQ (1 4m 
tm\ tn 
2 3 } 
_— —iaQ) (1 Am, Am Xm - 
: : Bee 
m tm bm bm | 
, — Pod 
= iaQ S (—)n+i me _ 
Pie f2” +1 


n=0 - 


Therefore 


A - 1 a +1 = +1 1 
n 


i \n+i n+1 n he ) 
a, =«0 F< yf at hl | 


We form the potential Q by adding to Q, terms of the type 


an re” + ]\ 
, 2n+1 m » 
P Cmn (ie a pn i) (5,4) 


n=0 me 





remembering that Q must reduce to 2iaQt on the boundary. Then 


4 x 9 
a a \2” +1 
= » 2n+1 ‘ m \ 
Q ” Q, ie is e S Cmn (1 By pen 1; 
a 
m=1n=0 - 


Comparing coefficients of ¢ and ¢-! on the boundary we obtain 


. . : ; 2; — 
C19 T 20 T 10 T 2071 21aQ a 21a, 


1.€. Cig + Cop + C19 + Cog = Y (9.0 


l , 
€xg = 1€Q(A,+A,). (5.6) 


i 
and Ai Cig + As C2o+5 Cio A 
1 2 





Remembering that c., is formed from c,) by interchanging A, and Ag, these 
two equations together with the conjugate of (5.6) give 
ia Qa, (A, +Ag) 


10 = : 
1—)? 





and Cop 


1—22 


iaQAs(Ay +A») : 





Co! 


We 
by 
col 


obt 


It 
but 


Th 








ed at 
lue to 


| this 


(5.4) 





(5.6 
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Comparing the coefficients of t2”+1 and t-@"+) we obtain 
I 


Cyy tT Can Aq” Ey, +A$" Co, = (—)"HiaQ(A} +z) } 
l l , “ . P ; 
: C, i , Cont Az" ‘é.. +-\3” + é.. — (—)" MaQ(rt - 14) + 1) 
/ flo 
(5.8) 
ae ‘ - = F 
Ay" ey -_"* Ce, Cin ~€3, = (—)maQ(ry* +23 ie 
A, A, 


Ai” Cin 1 AS” Con T Cin +€,, ‘aia (—)"iaQ(At +Ag) 


We denote the determinant of the coefficients of the c’s in these equations 
by A,,., and then by denoting the co-factors of the terms in the first 
column of A,,,, by Ag,,.,,5 
obtained by interchange of A, and A, by A}, .,,, we derive finally 


r= 1, 2, 3, 4, and the same determinants 


: A, 20-12 
¢, ( ystiaQ| 2 (Ar any 4 Sansae (nea 4g etry — 
2n+1 2n+1 
As, 13 (Qn +14 Qm+1) _ Aen si (AT +-AZ)}, (5.9) 
As, 1 2n+1 ? “ 
i Non +18 
cy ( y*tiag| 2n+1,1 (An 4 vB) + Sn +h3 (yeti ye+t)_ 
Aon +1 ; Aen+1 ' ’ 
=e 1,3 (A” be nity Arm snd (yn 4 x) (5.10) 
2n+1 2n+1 


It will be noted that the terms with coefficients c,, and c,, make no contri- 
bution to the hoop stress on the boundary since they give 


t¢ 
S 


é] Co 
SS |n=0 ’ 


re 2 C197 
a 


[ny T cf. (4.6), 


0, from (5.5). (5.11) 


If py is complex the solution to the problem can be obtained by super- 
imposing the separate solutions for py real and p, imaginary. 


6. Variable edge loading: 77, ing = p,e#%+p_,e-# 
We next consider the case of variable edge loading defined by 


jg 


Pp eit 4 Pp ets 
1 1 


The boundary condition takes the form 


nn i n€ 


£ 


¢ 


Q. ' Sin | (p, ei" Lp ié iuye iu du 


2ap, logt+-ap_,@. 
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The foree on the boundary is given by 


aA +syY a | (p,e' pt iS) tS dé 27ap, 6.: 


and the couple by 


re ia" (Py ¢ rg p-1.é if) dé (), (6.3 
0 
For the applied forces to be in equilibrium we must have p, = 0. 


Considering this case first and assuming Q to be of the form given by 


(3.4) and (3.6), since OQ, _, = ap_,t?, we have 


Ayo+ Aso Ay Gis Ae Gee ap_, 
l ] \2 - \2 - 0 
a a a Ava AS A. 
12 22 1412 2 lg9 
A, A, 
(6.4) 
Ge BS 
A? Aye AZ Ay0 Ay9 Ass 0 
A, a 
Ay Ay +Az Ag+ Gyy+ Aye ap_, 
; : As, Das » 
which give Ay =a _ Pua A. P-1 
~ Fa (6.5 
Ab) Ass - 
and Ao9 a A P14 A P-1 


When p, is not zero but »7—iné = p,e's the resultant of the boundary | 


stresses is given by Yyoiy deny, 
which passes through the origin as G = 0. 

We balance this by a force P at the origin in a direction making an angle 
e with the x-axis. It is shown by Morris (2), section 4, that the complex 
stress potential due to such a force is 


where 


“<“i sine 
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On 





(6.3 


iven by 


(6.4) 

(6.! 
indary 
1 angle 


mplex 
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Now dom A, log a(t, +A /tm) 
A, loga- r= log t,, | A,, log(1 | A 2), 
Since A | and ¢,, is in the neighbourhood of | near the boundary, we 


ean expand A,, log(1—-A,, f,) in an infinite series giving 


A,, loga+A,, logt,,—A 


m “mm 


"/n. 


m m 


> (-A,,/é 
1 


n 


lo satisfy the boundary conditions we must add to this potential terms of 


the type j 
> Cmn(te +A ES), 
n=l 
1 y 
giving Q2 £25 ' > > Corn One 1 my =. (6.8) 
m=1 n=1 


On the boundary, comparing coefficients of logt, we get 
2ap). (6.9) 


Comparing this with (6.7) shows that Pe'*/7 = 2ap, and 
Pe'* = 2nap, = —(X+7Y), 
i.e. the force at the origin must balance the resultant of the boundary 
stresses. 
Comparing the coefficients of f®” and t-?" on the boundary we get, for all 
values of n > 1, 


P , 5) of 9 -/ ( r 1 7 
Cin +ContAz" 1 in +AZ" 1 6, = (Aj ~1.4,+A%-! A,) 


n = 
i on =! 2n =x’ ( Ss n f nq 
Cin Con + Aq" Cyn +AQ” Con (Ay A, +Az Ay) 
\, Ay n 
(6.10) 
ia 3? by - (== 7" 
\j CinT a3” 2n \ Cin \ Con n (Ay A, T vB A,) 
4 1 / 2 
; . , pe , coe ws 
\ Cin A3” h¢ sn Cin Con (Aq . A, T rN . A ») 
n 


c | Band (yn-1 9 4 yn-1 9.) 4 Sem, 
, aaa ee 


As, 
A 


A, 


2? (AY A, + $ AQ) + 


(At-14A,+A8 Ay) (6.11) 
2.n 

¢y, is obtained by replacing A,,,,, ete., by Aj,4, ete., in this expression 
for C; 
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7. Variable edge loading: 17 —iné = p,,e"+p_,e-"® 
We now consider the case of variable edge loading defined by 
nn—iné p,ens+p_, € nif where n > 2. 
The complex potential on the boundary is given by 
g 
Q). 


—2ia 


(p,, pniu p ¢ niU)¢ iu du 





0 


9a) —Pa_ ¢-o-2)__ Pon gost], (7.1) 
(n—1) (n+ 1) 


For the resultant of the boundary stresses we have 


4 + iy : a (p,, en's + P né nig) dé () 
0 
and for the couple about the origin 
27 
G = reia? | (p,e"*+p_,e-"*) dé = 0 


This is therefore a case in which the applied forces are in equilibrium. 


mn m m 


Using Q,, (t,,) > a,,,(t, +A", /t,) together with equations (3.4) and 


n 
(7.1), comparing coefficients of ¢”*! and t-+” and using the equations 


obtained together with their conjugates, we have 


> ) 
n> = 9 P-n 
By nti + 4enga tt By na TAZ Gens =a 
n+1 
] l 
n+1- n+1- 
Ay ntit Ae nga tAt? * Gy nga tet Ge nas 0 
rv, Ae 
« ») 
(4 
“re oat in fs 
ATT Oy nga tad densi ty Ansty Fens U 
A, Ar, 
D 
n n = = 9 } ” 
AT Oy na tAB Ge nia ty nia tenis =a 
n 
These equations give 
a [ALi Asus = 
Ay nt Pont P-, 
n-+ 1 As; Ast 
au 
(4.0 
; , , 
and a a A. 1,1 A, 1.4 =- 
: 2.n+1 pP nt p 
n+1}] A, Anat 
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Similarly comparing the coefficients of t”~! and t-”-» we obtain 


») 
a <a A, 1,2 p ac A, 1,3 p } 
ee | n l A n A n 
ae n—-l - 
. (7.4) 
=a A, 1,2 = \ A, 1.3 
a>, 1 | A ya eee Pn 
uM n-1 n—i d 


All coefficients other than @,.,,,4, %2,415 4,,-1, and a,,,_, are zero. 

By superimposing the results of sections 4-7 the most general type of edge 
loading can be dealt with provided 7 ing on the boundary can be ex- 
pressed in the form of a Fourier series. 


8, Derivation of expressions for #+-¢£ on the boundary 
We now proceed to obtain an expression for nn+é on the boundary, 
which will enable us to find the hoop stress £ when 7 —iné on the boundary 
is KNOWN. 
We will first consider that part of 77+ E on the boundary due to the 
complex potential ' 
> Gnanlte+Ay,/%,) forn > 1. 
1 


mi m m a) 


| 
te) Jiy-te=t 


m 
This is given by the real part of 


‘f | Q(t) Q 
Z(t) Ze 


, 
9 


which reduces to 


» 





=n , ert , 
re[ 1—(A,+A,)e-*€ +A, A, e-*] » 
aD “4 ' 
' [(a,, +a, )e-™ iE _ (A, a,,, | A; 4,,)¢ (n—3)i€ __ 
(A® ay, AZ ay, eM DE +A, AAR a,,, + AR ag, lem], (8.1) 
where D (1—2A, cos 2€ +A?)(1— 2A, cos 2€ +A). (8.2) 
That part of [77+ €€], , due to the complex potential 
4 x 
> 2 Mullin T Nin tn) 
m=1n 


is the real part of 


2? T 


+ n| l (A, r, e-2€ 4 A,A 
aD £4 : 
TQp,, je" Lig (Apa, \ dj a»,) (n-3yit _ 


(AP ay, +AZ ay, eM ME +A, AAR! ay, +AZ—1 ag, Je *+E], (8.3) 


that part due to a,, and a,, being the real part of 2p. 
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- 


Similarly that part of [7+ &€|,_, due to the complex potential 


4 x 

: — 2n+1 2n+1 /s2n+1 
> > m? (lin an etl ) 
t=1 n=0 





[ (Canon Je~2" — (Ag Cy, +Ay Co, lo“ Ar-H 
OP Se EAP Hey, JAM BIE LA OPM Cy, TAM cay Omit], (8.4 


since that part due to c,, and cy, is zero, from (5.11). Also that part of 





_ 4 “a 
[nn +€€|,-9 due to the complex potential } > c’,,,(2"+-A2"/2") is 
m=1 n=1 
» - : 
re S 2n[1—(A,+A,)e-2€-+A, A, e-44 
aD Ly sili si 
n=1 
X [ (Cin + Con )e~ 2" — (Ag Cin +A, Con Om" BE 
(AF” Cn TAZ" Con Jer +VE +2, Ay(AZ"—1 1, LAR" 1 5, Jee tE]. (8.5) 


pei -_ . 4 : 
That part of | j7-+£€], ,duetothecomplex potential ¥ —iaQA,,,/(t,,,+-A,, t,,) 
at 1 
becomes 


—* [(Ay+Ag)(1—A, Ag)(1 + 5A, Ag—AZ—AZ-+AZ A3)sin 2é 


A, Agl4—AFAZ(A, +A.) }sin 4€ +A, Ay(1—A, AQ)(A, +A, )sin 6E]. (8.6) 


where D, = (1+ 2A, cos 2é+-A#)(1+ 2A, cos 2€ +23). (8.7) 
hat part of | 77 +-€€],_,due tothe complex potential } A,, log a(t,,+A,,,/t,,) 
m=1 


becomes 
) 


re[1+(A,+A,)e-2E-+A, Aye] (A, + Ag)e+ (Ay A, +A, Aye], 


| 
JI 


aD, 


9. Examination of the coefficients A, ,/A\, etc. 

The above expressions for 77-4 éé on the boundary given in section 8 
are perfectly general and can be used for any aeolotropic material with 
two axes of symmetry at right angles, by giving A, and A, the appropriate 
values for the materials concerned. 

We shall from now on confine our work to the material oak, and the 


appropriate values of A, and A, are taken from Holgate’s work (7). They 
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that the grain is parallel to the y-axis and are measured in sq. mm./10* kg. 
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The values of A, ,/A,, ete. for n = 2 to 12, for oak 





oOo 


> Oo > Oo 
) 


ce 
ie} 


! 
> 
°o 


™ 
it 


plane of the plate. Tl 


A 0-395 
Using these values we can, in theory, calculate the 
point on the boundary of the disk, given the form 


oundary. In practice the work is impossible since, 


the coefficients A, ,/A,, ete., and A) ,/A,, 


may be. 


TABLE 1 


n,2 nn 
329 X 10 
2°860 * 10 
‘795 10 
784 10 
2°783 X 10 
83 10 
2°783 x 10 
53 10 
2°783 x 10 
2°783X 10 
2°783X 10 


1e values are 


1 


and 


7°459 
for n 
A’ 

n3 
7310 
2°640 
1°024 


4°033 > 


I1°*592 


6-288 


2°484 > 


gor! 


+°;190 
forn 


Ay 


ah 


“10 


~ 10 


5x* 10 


n 
107? 
1073 
10-3 
10-4 


X< 10+ 
x 107% 


1075 
107-5 


10 


6 


107?A} 
6 


A, 


107+ 
10~* 
10-* 
1075 
1075 
10 
10 
10 
10 
10 


1073)" 
6 


0-026 


he wood is cut from the tree so that the annual layer 
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73 


and y, respectively of his Table 1. The constants are chosen so 


An alAn 
5°393X 107! 
1818 107! 
7°020x 107 
—2°762 X 10~* 
1'OgI X 107? 
—4°307 X Io-* 
I*'7O1 x 10 
6°720 107+ 
2°655 x 1074 
1048 X 1074 
$°142X 10 
2°871A} 
for n > 6 
bins 
37026 107? 
1021 X 107? 
3941 X 10 
I°551 x 1073 
6°120x 107+ 
2°418x 10+ 
g°550X 1075 
3772 10 
I*490™ IO? 
5586 x 107° 
2°325X 10° 
1613 x 101A} 
for n 6 


‘S are 


parallel to the 


hoop stress at any 


of 77—iné on the 


however simple p,, 


etc., 


are much too 


omplicated for us to sum the series involved. Using the values of A, and 


\, for oak, however, and calculating these coefficients correct to four 


significant figures, we find that for n 


- 5 they all become either constant 


r of the form /A” where & is a constant. Using these values we shall be 


ible to sum the series involved in the expression for [77 +£€],, » from 


6 to oO. 
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In our calculations we will aim at a result correct to three significant 





figures and will be free to neglect anything which does not affect the 
fourth significant figure in our numbers. 


We find that 
(A,—A,)?, icin 2 P a Ta 
A,=-— Ae £1 +-A2" AZ" — 2( 1 —A2)(1 —AZ)AP— 7 AQ 
(2A Ash pes, 100 
bg OPT OY 
Aes (A, —Ag)/A, AZAR AB 2(1 —AZ) —AZ"—“ 11 —A, AQ)/AL, (9.2 
A, g = (Ay—Ag)/Ay Agp—AP~ EA 2( 1 —AZ) AZ" 2(1 —A, Ag) /Ay, (9.3) 
Ais At 13" 7(A, —Ag) T AB (1 A3)—Az~*(1 . A, Ag) As, (9.4) 
Ag = AR-1 AB" 1(A, —Ag) —AB~2( 1 —AZ)/A, EAT 11 —A, Ag) /AB. (9.5) 


10. The values of certain expressions for 77+ rz on the boundary 
for the particular material oak 
Taking first the case when p, is real, so that both a,,, and @,,, are also real, | 
we have from consideration of equations (7.3) and (7.4) and superimposing 


the results, for » > 1, 
9 
i oe 2a (Ana, Anal, e y— [Anas Analy . (10.1) 
m{{A,  A,)J ia,” oA 
») ’ , , , 
Agy = Ana, Anal =e p— fanz Analy ’ (10,2) 
: nmi(A,  A,) a,” A,) 
so that 
» ES , ! | , 
a, +a, = (A,4 Ana Ans | » 
n || A, iP 
: (A,,,2 Ane t A, 3 An.a|» 1 (10.3) 
A, | 
and 
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It can be shown that, correct to four significant figures, 


(A, s+Ani +A, 4+A)4)/A, = 1, forn > 9, (10.5 


n n 


— 


(A, o +A) o+A,,3+A)3)/A, = 00704747, for n > 10, (10.6) 
(Ay Mn Ay Ana tA2 A, 4 +Ay An g)/A, = —O-01100Af, for n > 10, (10.7) 


(A, A, 2 T ry XN’ 


n,2 


HA, A, 3 +A, Ans)/A, = 0-01027, forn > 5, (10.8) 


Putting the above values in equations (10.3) and (10.4) we obtain for x > 10, 


» 
a~a 
“O7 7\n rf 
Ay, +4, = | p (, 1) — 007047 t Pnsals (10.9) 


2a — 
and Ay 1, +A, a, ——[0-O11AT p_¢, 1) +0°01027p,, ,,]. (10.10) 
i 


From consideration of equations (7.2), we see that when the p,,’s are real 


») 
2a 
AY Ay» I AB ‘day —_ n Pp (n y— (4, +g) 
= TOATAT 10.11 
[0-O7047A1 p,,.4] (10.11) 
n 
2a l 
and Ni a,,+AZ as, = ——Prai— (A, ay, +A, 4,,) 
n A, As 


0-011), 
a eae wae a ‘ ) n- a n+ 
. Pn+i 1 1 P-m-)—Pn+i 


2a a n > 
- [1-O7 1A? p_¢, —-»]- (10.12) 


Substituting these values in expression (8.1) gives that part of [77+], -o 


due to the terms containing a,,, and ay, as 


20) 2) ft Ane A ge Me 


[p = 1)é (n—-1)i€é __ 0-O7047A4 P, - (n ig \ 
. ng (n—3)i€ _| (). 27 (n—3)iE __ 
+-O-OLLAT p_¢,—-1€ £4. ()-O1027p,,.1¢ é 


1-O7 1A} Pin pel" *DE+O-O7047A, Ay AZ Pray ert], (10.13) 
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Summing the series obtained by taking values of x from 11 to x j 


10.13) gives that part of [7+ €&€],_, due to the terms 


1 
YY = a. (t n ign ) 


m “mi *m 


> p AY. DiE1 (/-OLOI7e4€ VY Pp e-(nsl 


hear 1 
7 11 n=11 

° 2ié VY n—1 n—1 
O-O11A, ¢ ~ 2 6. ay 

n=11 
7 21g NY n—1 n—1 
l O71A, ¢ A vj Pp ( vé 

n=11 


O-O7047 ; 
me tne 
A, n=11 


x 
+0-07047A, 67% SY APTI el 
n=11 


This is equal to 
+ ree £7 
re| 1—(A,+A,)e-?"* +A, A, e-* | 


7 P_»! Et ()-O1027e4s SY P, ¢ nig | 


i 0:004345e2% > rN Pp a nig 0-432 Lez’ > At p et E 
n=10 n=10 


= @ x 
-0-1784e2% SY Np, e-”$+-0-001832¢7"% Ss Aj p ents]. 10.14 
n=12 n=12 
Also using the appropriate values of A, and A, for oak, expression (8.6) be 


comes 





O R : , ee . 7 
~—_|0-7456 sin 2€+ 0-08216 sin 4€ + 0-00856 sin 6€ |. (10.15 
D} z _ 
Again, taking the values 
7 5-321, Xe == 1-209, S19 -O-87, Bee 1-72, 


for oak from Holgate (7), Table 1, expressions (6.6) become 


P 
A, — [ —()-2502 cos e—0°391 67 sin e 


P SE Naa cite 
and rm -[0-03693 cos e+0-0097 14: sin €]. 

















. Substituting these values in expression (8.8) we obtain that part of 
4 
due to the complex potential } A,, loga(t,,+-A,,/t,,) as 
m=1 
P x ») c n . c 
00-5992 cose cose 1-0909 sin e sin €+ 
aa . . 
0-O1177 cos € cos 3€ + 0-02053 sin esin 3€|. (10.16) 
| 
11. Equal and opposite radial forces at right angles to the grain 
We now consider the case of a uniform normal stress P over the arcs 
. and z—a E< aw+a. 
On making x small we get results for equal and opposite forces F directed 
{ along the positive and negative 2-axes. 
10.14 
5.6) | 
(10,15 a +o e 
Assuming that 77—i€ can be expressed in the form ¥ p, e”> we find 
i i- _ 
—x 
, r sin nx 
that j (le ; 
77 /t 
If 9 s odd. P, = U 
If nj 2P sinnx 
fn iseven, ) 
/ mre n : (11.1) 
2P« F 
i ) ) 
se 7 an 
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Since p, is real, on substituting these values in (10.14), that part of 


x 


ym mr m m m 
1 


m=1 n 1 


— 4 
[77+€€],-9 due tothe terms ) > a,,,,(t,+A%,/t%,) becomes ' 
| 


4 aif ; 
prel 1— (A, +A,)e-2E-+A, A, e- 4] 


apr =. sata o ee 
_ 24 SIN 200 | _onié_1 9.01 027¢4i€ S SIN 2X onig_, 
> = 2n 2n 


- n=5 : n=6 
x . x . 
a + .. sin 2na ; ” * ... Gn Ste. 
+.0-004345e2— S Az* - e-2niE_(-423 162 So 2” p2nit_ 
— 2n homed 2n 
n 5 n=5 
: in2 : in2 
” F * .,, SIN ZNa } . anak © ee ona o 
~0-1784e2 So Az” e-2niE 4 0-001832e2"— Sz” e®nit). 
y 2n dash 2n 
n=6 n=6 
(11.2 


It can be shown that, when a is small, 


x 


3m PD 2t ,2ti0 
\ A2n sin -Na ¢ 2nid vAj € 
J 1 > 9;A° 
hat 2n l —)? 28 
n=t 


Now that part of [77+ £€€],-, due to the term py is 2p9, which is equal to 
2F/za, and on summation all the terms containing Aj” in (11.2) are found 
to be negligible compared with this. Also, when « is small, 


i * vol st—1)0 
DY sin ena vonig _ Uae és 
La =o 2sin@ 
n=t 
provided #+a + nz, a condition with which € complies except at the point 


of application of the forces F, where the stresses are in any case indeter- 
minate. 
Expression (11.2) now reduces to the real part of 


SP ix ast F ie of - 
| ———[1—(A,+A,)e-2* +A, A, e-4# ][e-9E + 0-010 27ete-UE 
7D} 2sin ‘ : 
2F 
_ —[0-01027 sin 7 +0-9957 sin 9 
7aD sin € 
—0-4209 sin 11€+-0-01027 sin 13€]. (11.3 


It now remains to find an expression for [77+£€€],, due to the terms 
containing @45, Ay3: A145, A253: 447, Ig73 Ayg, Agg. The values of A, ,/A,,, ete., 


are taken from Table 1 for n = 3, 5, 7, and 9. As «x is small, every 
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Substituting the above values in equations (10.3), (10.4), (10.11), and 
(10,12) and putting the results obtained in equation (8.1) we find that the 


values of |77+£€€],-9 for n = 3, 5, 7, and 9 respectively are 


i. (0-04108+ 3-488 cos 2€ — 1-662 cos 4€ +-0-04108 cos 6€), 


7a 


F 


Tra 


(0-04108 cos 2€ + 3-895 cos 4 — 1-678 cos 6€ +-0-04108 cos 8€), 


(0-04108 cos 4€ + 3-9696 cos 6€ — 1-6844 cos 8€ +-0-04108 cos 10€), 


zaD 


j (0-04108 cos 6€ + 3-9792 cos 8E— 1-682 cos 10E+-0-04108 cos 12€). 
mal 


Summing the last four expressions we obtain 


t (0-04108+ 3-529 cos 2€+ 2-274 cos 4€+ 2-374 cos 6€ + 
7aL) 


|. 2-336 cos 8€ — 1-641 cos 10€ +-0-04108 cos 12€), 
which we shall denote by F B/zaD. 
Expression (11.3) becomes 


- —. (0-02054 sin 7€+ 1-991 sin 9€ —0-8418 sin 11€+-0-02054 sin 136), 
mal) sin & 

FA 

naD 

As 77 is zero at all points on the boundary of the disk, except at the points 


which we saall denote by — 


of application of the forces, the hoop stress is the same as the value of 


y 


5a 
i 1 


ce 
c¢ 


0° 
TABLE 2 
7aéé| F for equal and opposite radial forces 
at right angles to the grain 











é mage) F é make) F 
° 1°656 100} 0°843 
10 1°607 110 0884 
20 1°465 120 0-948 
30 1*310 130 1°033 
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For all disks of the same material the expression 7a&&/ F is independent 
of the radius and of the magnitude of the applied forces F. Its value jg 
given by the expression 2—(A— B)/D. Table 2 shows the values of za€é/P 


for values of € varying from 0° to 180°. 
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aia 30 60 90 Toye) iSO 180 
@ 
Fic. 2 
Actually at € = 0° and € = 180° the value of watt) F becomes indeter- 


minate. The value given in the table is its limit as € + 0° and € > 180°, 
It is hoped that details of other specific problems will be given ina 


further communication. 


I wish to express my thanks to Dr. Rosa M. Morris for suggesting these 


problems and for her helpful criticism and advice throughout my work. 
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IMPACT BUCKLING OF DEEP BEAMS IN PURE 
BENDING 


By J. F. DAVIDSON (Engineering Laboratory, Cambridge) 
Received 4 March 1954] 


SUMMARY 
[he equations describing lateral instability of a deep beam, first given by Prandtl 
1) and Michell (2), are here extended to the dynamic case in which a beam is suddenly 
uled by couples acting in the plane of greatest stiffness. These couples are greater 
than the first critical moment, and, owing to the slight initial curvature of the beam, 
ir application causes it to deflect exponentially with time until the bending couples 


released. For a given value of the bending moment, the period of application is 
termined by the criterion that the amplitude of the subsequent oscillations shall 
t be excessive. It is found, in most cases, that the resulting impact time is related 


to the longer of the two gravest component periods of the unloaded beam (torsion 
nd flexure). If the couples are very large, and the gravest component periods 
widely different, the impact time is fixed by the shorter of the component periods. 


1. Introduction 

Tus paper deals with the behaviour of a slender beam, having slight initial 
curvature and twist, and bent by impulsive moments of a type tending to 
produce lateral instability. Various writers have considered the analogous 
problem of the initially curved strut subjected to an axial load for a short 
period of time. A survey of this work was given in a previous paper by 
the author (3); the most useful results fall under two headings: 

(i) The impulsive axial load may be greater than the Euler load if it is 
applied for a time of the same order as the first natural period of the 
strut. 

(ii) The axial load which may be applied for an indefinitely long period 
of time is only slightly less than the allowable static load. 

Of these results only the second is immediately applicable to the beam. 
in attempting to apply the first result, we note that both lateral bending 
nd torsion are involved when the beam becomes unstable, and we have thus 
to determine whether the period of application is to be compared with the 
lexural or torsional period. 

The present investigations show that if the lateral deflexion,\as well as 
the twist, is limited (by practical considerations) to about twelve times its 
uitial value, then the period of application of the bending action is decided 
imost cases by the larger of the component periods (flexure and torsion). 
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To derive the equations governing the behaviour of a deep rectangular 


section beam, subject both to lateral instability and dynamic effects, we 
follow the treatment and notation given by Timoshenko (4). Thus in 
Fig. 1 Ox, Oy, Oz are fixed axes and P’é, P’n, P’¢ moving axes, M;, M., M 





oa 
M; - i 
*y ou 
pAdz ot 
M, : 
\ 
$ 
Fic. 1. The stress-couples and mass accelerations for a deep 


rectangular section beam under pure couples M. 


are stress couples, and V and Q are snear forces acting on the element 
ahead of P’. Also indicated in Fig. 1 are the effective inertia force 
pA dzc*u/et? and the effective inertia couple J dz0é*8/ct?. Here, p is the 
density of the beam, A its cross-sectional area, and / the moment of 
inertia per unit length about the central axis; all of these quantities are 
taken to be uniform. 

Taking moments about the axes P’€, P’y, P’C for equilibrium of the 
element of the beam, and noting that J, and J; are small compared with 


M., we get 


oM, ez+@Q Q), (11) 
0M. _/éz t Mz €B ez N 0, (1 ii) 
OM, €2 M.c?u/é2z? J eB ct. (1 iii 
Also, Y NV, and for equilibrium of the shearing forces we have 
oN /éz+-Q eB /éz pA cu/ct?, (2i) 
eQ/éz = 0, (2 ii) 


where uw and f are respectively the lateral shift and twist at any section of 


the beam and are connected with the stress couples by the equations of 


deformation, viz. 


M, Be?(u—u,y)/e2? (3) 
M, = C é(B—B,)/éz 
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Bis the smallest flexural rigidity of the beam, and C its torsional rigidity; 
u, and 8, are small initial values of u and f, due to imperfections in the 


beam. 


2. Effect of pure couples suddenly applied 

We now consider a beam of length J, at rest in the position u = U9, 8 = Bo, 
to which end moments M, tending to produce pure bending, are 
suddenly applied at ¢ = 0, thereafter remaining constant. It will be shown 
later that the time taken for these moments to produce substantial lateral 
deflexion and twist is of the same order as the period of lateral vibration 
(in the plane Owz), or the period of torsional vibration. These periods, each 
referring to the gravest mode, are much longer than the period of flexural 
vibration in the plane Oyz. This latter period is a measure of the time 
required for the effect of the end moments to spread along the length of 
the beam. Thus we may ignore bending waves in the plane Oyz, and put 
iM; = M for all values of z. This result also follows from (2i) and (11), 
which were derived by neglecting the vertical accelerations of the beam. 
The corresponding simplification used in strut work (3) is to neglect longi- 
tudinal stress waves, thereby assuming a suddenly applied end load to be 
propagated along the strut with infinite speed. 


3. Equations (1), (2), and (3) may now be simplified by putting /; — M, 
) = 0, and eliminating V, M,, and M;. Then 


B o4(u—uy)/6z4+ M 678 ez? pA cu ot | 
C o?(B—B,)/éz2—M c?u/éz? = J eB /ot? | 


The initial conditions (¢ = 0) are u = U», B = Bo, Cu/et = eB/et = 0. The 
end conditions are those of simple support, and hence wu = ¢?u/éz? = 0 
atz = Oor/. Finally, twist at the ends is prevented, so that 8 = 0atz = 0 
or I. 

In general, the initial imperfections uw, and f, take the form of a 
half-range sine series. The higher harmonics in this series have an effect 
which has been considered, in the case of an impulsively loaded strut, by 
Lavrentiev and Ishlinsky (5). They showed that, if the applied load is not 
much greater than the gravest critical load, only the first term in the series 
isimportant. If, however, the applied load is very much greater, other 
terms may be more important than the first. This result applies equally 
well to beams as to struts, and since the treatment of the higher harmonics 
follows readily from a consideration of the first, we deal only with this latter 
and write wy = csin 7z/l, By = dsinzz/l. The governing equations (4) and 
the end conditions are then satisfied by u = u,sinzz/l, B = B,sinzz/l. 
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Substitution in (4) and the use of the initial conditions then yields the 
following expressions for the central deflexion uw, and the central twist ,, 
































Uy M? = {w2coshw,;t+w?cosw,t Mj, 
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w?(1+w? w,)cosh w,; t+ w?( 1—w? w%)cOs wat 1 } 
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cP, | w? (1+ w?/w5)cosh w,; t+ w?(1—w?/w>,)cos w, t } 


"aM \ , 


(5) | 
where P,, = 7° B/I? is the Euler load of the beam. 
From (5) we see that the deflexion and twist increase exponentially with 


time, at a rate governed by the ‘frequency’ w; 


;, and that there is a super- 


posed vibration of frequency w,. Also w; and w, are given by 


2w? wy + wy, fa) [(w> wy)? t 45, wr M? M3.) , 6 

5) 
w w? wi, T wy | by 
where w; = 7°,/(B/pA)/P? and wy = 7, (C/J)/l are the gravest frequencies 
of flexural and torsional vibration of the free beam; w; is real only if is 
greater than the first critical moment M, = 7,(BC)/l. If M < Mp, w; is 
imaginary, and the exponential terms in (5) are replaced by harmonic 


terms. 





Similar results are obtained when a pin-ended strut, having a small initial 
curvature, is subjected to a constant and suddenly applied axial load (3). 
But when this load is greater than the Euler load, the graph of strut 
deflexion against time contains only exponential terms. In the present case 
we have both exponential and harmonic components; the extra term will 
be discussed in a subsequent paper. 


4. Numerical results 

Calculations based on (6) show that w, is of the same order as the smaller 
of the component frequencies, and w, is always greater than either compo- 
nent frequency. This suggests at once that the couples M might be applied 





for a time decided by the longer of the component periods 27/w, and 27/y. } 
Thus, in (5) we would expect the exponential terms, and therefore w;t, to 7 
be the governing factor in determining the allowable period of application d 


of the couples VM. 
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5. Complete time history of the beam loaded for a time /; 
This tentative conclusion is confirmed by results shown in Figs. 2, 3, and 
4, which give the central deflexion and twist of a beam, bent for a time ¢; 


16 





Release of 
moment \ 











1 i 
0 1:0 20 3-0 40 
wt 





Fic. 2. The deflexion and twist under the couples M, applied for 
a time ¢;, with w,/wy a. 
by pure couples .W. Equation (5) is the governing equation for ¢ < ¢,;, and 
thereafter the beam is in a state of free oscillation about the mean position 





10 T T =_— T T 


M/M, =10 
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wt 
Fic. 3. The deflexion and twist with w;/wz7 = 0-2. The full lines 
show f,/d and the broken lines u,/e. , times at which the 
moments are released. 
— 


lp, By. The amplitudes of the lateral displacement u,, and of the twist ,, 
depend upon the velocity and displacement when the couples are removed 
at time f,. 
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To compute the curves, it was necessary to have a value for the parameter 
dM,/cP,. A value of unity was adopted, since values of about 0-5 for an | 
. - ; i 
[-section, and about 2-0 for a rectangular section, were obtained. 
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Fic. 4. wyz/w7 0. The twist has a component of frequency 
wr when ¢t t;, the dotted lines showing the limits of movement. 
When ¢ t;, vibrations are about a mean position B,/d 1, and 


the limit of amplitude may be anywhere between the dotted lines. 


It was then necessary to have limiting values for the central deflexion u, 
and the central twist 8,. A definite limit can be put on w,/c, since in practice 





l/k < 200 for a slender beam, /& being the least radius of gyration, and u,¢ 
is then limited by bending stress to a value of about 12. No such definite 
limit can be imposed on £,/d, although reasonable values would seem to be 
d = 1 degree and f,/d < 20. Using (5), the time of application ¢, of the 
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bending couples WM was then adjusted to make either the maximum 
deflexion or twist, which always occurred after removal of the couples, 
equal to its limiting value. 

Figs. 5 and 4 give results for w;/w, < 1. These diagrams also refer to 
the cases when w,/w, = 5 and o respectively, because the symmetry of 
(5) when dM,,/cPy | enables us to exchange w, and w,, u, and f,, ¢ and d. 

When w,/w, = 0, as in Fig. 4, the expression for twist in (5) contains 
a harmonic component of frequency w7. Thus, on the base w,¢t the har- 
monic component has infinite frequency, the limits of movement being 
shown by the dotted lines fort < t;. The final amplitude of the free torsional 
vibration, about the mean position £, = d, depends upon the exact time 
of release of the couples, the possible maximum and minimum amplitudes 
being shown by the dotted lines for ¢ > ¢t;. We note that for t < t;, and 
when VW /M,, 10, the beam has a twist 8,/d = 21 within a time of order 
lwp. To keep 8, d < 21, therefore, we must apply the couples for a time 
less than the smaller of the component periods. 

The results from Figs. 2, 3, and 4 are summarized in the table, which 
gives values of w, t; 27, the ratio of the impact time to the longer component 
period. 


TABLE 


Wy Wy l 0-2 0 


al (M/My=2 | 0-35 | 0-20 | 0-16 
eed My = 10 | 0-11 | 0-04 | 0 


From the comparative constancy of w, t;/27, for varying w,/w,, we con- 
clude that the period of application of the couples is decided by the longer 
of the component periods, unless the load is very high, and the component 
periods are widely different. 
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ON THE STABILITY OF A CIRCULAR TUBE UNDER 


END THRUST 
By E. W. WILKES (University of Durham, King’s Colleg 


Received 26 February 1954] 


SUMMARY 

A circular tube of finite thickness h composed of homogeneous isotropic incon 
pressible material is finitely deformed by end thrust in the direction of its axis go 
that it changes its length in the ratio A:1, and its stability is investigated by con. 
sidering the equilibrium of a further infinitesimal deformation. A general periodic 
solution for the displacements in this further deformation is given, but only thy 
special case of radially symmetrical buckling is then considered. The applicatior 
of the boundary conditions leads to a relation between A and the frequency of 
longitudinal rippling v/27 from which the critical A, determining the onset of in- 
stability, is found. Three examples are chosen: (a) thin tube, in which the critical 
value of A is derived analytically, (6) tube with radius twice the thickness h, (c) solid 
cylinder. The last two examples are treated graphically, a neo-Hookean model 
being assumed. The longitudinal force required to produce instability is given it 
each case. 


1. Introduction 

PROBLEMS of elastic stability have been the centre of considerable interest 
in recent years, and in particular the stability of such bodies as thin rods, 
plates, and shells has received much attention. The successful application 
of theories of stability to special problems usually depends, however, on 
some dimension of the body being small. 

Rivlin and other writerst have solved a variety of problems in finite 
elasticity, mostly for incompressible materials, by assuming certain forms 
for the displacements and evaluating the forces required to maintain the 
assumed deformation. In these theories it has always been recognized, 


however, that other deformations may be possible under the same set of 


forces. Green, Rivlin, and Shield (1) have developed a theory of small 
deformations superposed on finite deformations for bodies of both com- 
pressible and incompressible materials, and the equations of their pape 
may be regarded as equations of neutral equilibrium for discussing the 
stability of the given finite deformation. In deriving these equations 
moreover, no restrictions on the size of any of the dimensions of the bod) 


have been imposed. 


In this paper the stability of a circular tube, of uniform cross-section, 


+ A list of references may be found in a paper by J. E. Adkins, A. E. Green, and R. T 
Shield, Proc Roy. Soc. A, 246 (1953), 181. 


[Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 1 (1955)] 
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composed of homogeneous isotropic incompressible material is examined 
when the tube is subjected to an end thrust applied parallel to its axis. 
The tube is not here assumed to be thin, but is taken long enough for end 
effects to be ignored. Although this problem has already been extensively 
studied when the thickness of the tube is small, it is known that the classical 
solution given by Southwell (2) and Dean (3) for symmetrical buckling 
produces a value for the critical end thrust which is too high compared 
with results from experiment, and various proposals have been put forward 
to overcome this difficulty theoretically. Despite this drawback which has 
arisen in connexion with the thin cylindrical shell, it appears to be of interest 
to see if symmetrical (and other types) of buckling are possible when the 
tube is no longer thin, and in particular when the cylinder is solid. 


2. General theory 
The results and the notation of the paper of Green, Rivlin, and Shield 
loc. cit. 1) will be used here. A very brief summary of the results required 
in the present problem is now given, but for details of the notation and 
for the derivation of these formulae the reader is referred to the original 
paper. The body in its unstrained, finitely deformed, and second strained 
states is denoted by B,, B, B’ respectively. The displacement vector of 
: point is denoted by v in B, and by v-+-ew in B’, where « is a small arbi- 
trary constant. The base vectors of a curvilinear coordinate system (6;) 
which moves with the body are, in B, E; and E*‘. 
The metric tensors are G,,, G in B and G+ «Gi, G*+e«G'™ in B’ 
respectively, where 
Gi, = wile te, G@'* = —G* Que, (2.1) 
whilst the determinant G in B becomes G+-eG’ in B’ with 
rel GGEG,.. (2.2) 
The strain invariants in B’ are 
bel, = 9G. eo" | 
I,+-el, = g,, G"*Ig+-9,,(G’*Ig+ GIs) | 


a 2.3) 
G 
I,+el, = —+eG"G,,, I, 
J 
In this problem the material is incompressible and isotropic, so that W 
sa function of J,+e/, and /,+/5 only. The stress tensor in B’ then 
beeomes 
Kt eg’tk — Ogik + BE nG + (@'g* +P" BE LWP BE Gtk + nG"*), 
2.4) 
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where Bik+ Bk = I, gik—gitgksG, + e(gikg"*—gi'g"*)G,, Th 
o+eo' = 22". carn) 
el, 
- ow bas , (2.5) | 
P+eP’ = 2—__+¢(F/,+ Bl,) 
el, = 
2W aw ew 
t] pee Sa te, F=2 
— AP er al, al, 


and p+ep’ an unknown hydrostatic pressure. The quantities A, B, F are 


fr 
functions of J,, J, and are evaluated in the strained body B. 
1 2 . ] 
The equations of equilibrium in B are 7*),; = 0, and in B’ are py 
lik Vk ir Vr ik . 
ie tre’ +-Piir 0, (2.6 
where 
Die = 3G Gg, + Gens — Fig) + $O (Gein t+ Con, — Fins) (2.7 
and covariant differentiation is with respect to coordinates in the body B 
throughout. 
Finally, at the boundary, the components of surtace traction must 
satisfy the relations 
OF. ' ; 
y (r** + e7’thk) PeeP* (£ = i, 2, 3), (2.8 
oe, 
where F(6,,0,,4,) = 0 is the equation of the surface of the body, and y is 
12 22) %3 1 s ) 
a constant such that y(éF/ce@;) are the components of a unit vector. 
a a 
3. Application to a tube 
The coordinate system @; is now chosen to be the cylindrical polar system 


(r,@,z) with the axis of z as axis of the tube. The cross-section of the 
uncompressed tube is the area lying between two concentric circles of 
radii a, and b, (a, > by). Then, referred to Cartesian coordinates (2, 2,23 


with x,-axis along the axis of the cylinder, the coordinates of a point P, it 
B,, are taken to be 

x, = ri’ cos8, xv = ri'sin8, Z=2z/A (A < }). 
The tube is now deformed by an end thrust in such a manner that planes 
of points initially perpendicular to the axis remain planes perpendiculat 
to the axis and the distance between any pair of planes is diminished in 
the ratio A:1. As a consequence the point P in B, corresponding to P, in 


B,, has coordinates, referred to the same Cartesian axes, 


¥, = rcos8, Yo = rsindg, ¥, = £. 








(2.7 
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The metric tensors for these states are 


GQ... | 0 0\. pik l 0 0 \, G = r* 
(0 x2 O 0 r? O 
0 0 l 0 0 l 
(3.1) 
q A 0 O\, gik A~ @ 01, g=r* 
(0 Ar2 O 0 (Ar?)-? O 
0 0 A 0 oO » 


from which it is seen that the condition for incompressibility, J, = G/g =1, 
is implied in the choice of coordinates. The invariants and tensor com- 
ponents required for this deformation are given below. 


2 l 
I a i. 2A+ 
1 r 2 2 
Bi A+A-? 0 0 
() } 2(A t A 2) ) ee 
0 0 2d (3.2) 
sik A1D+(A+A-*)¥+-p 0 0 
0 7 2711 0 
0) 0 D+ 2AV'+- p 


The Christoffel symbols for the metric in B take the values 


ton 


9 “f', Ty. oe te 


ll other I's being zero. 
The additional infinitesimal deformation is now superposed on the pre- 
vious compression and for this the following quantities are evaluated after 


writing (u,v, w) for (w,, we, ws): 


; ou. 2/ov cw 
if 2 +5(5+ m)4-2— 0, 
or r*\o@ ae 


— L-% lav. cw ae 
giving (ru) +-— —+ — (): (3.3) 
ror r= 00 «az 
; 2 Ou 2 fov cw > ow 
/ 4 | 4+ru)+2.2— — —<(1-» 
. A ©) Ar*\e60 ‘ Cz x‘ ee 
(3.4) 
2A(cv 2 ow 2 cw 
(a a“ as | +ru}— <e =). 
3 cr * \e0 WM? oz x! ee 


where the final expressions for /; and J§ are derived with the aid of (3.3). 
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Further. 


v 7 cu ve wi ov 
Gr, Hie 2—, Grea ri (yf’22 2 1 ru) F 
cr iad oH ' 
fay (1/33 B33 20’ 2” Cw , 
"=- 7 —_- >= — “ 
A X B c 
° aves r? B'23 ov Cu 
G3 eG > Bs isis 
A oz «@ 
ve 13 B13 cu cou 
G13 faa = => +> j 
A CZ Cc? (3 B 
’ 9/7/15 2.2 Pr12 cu ov v Af 
Gio y2Q12 — R22 B12 pair ealll ' 
oo oO) ? ifter 
11 2? ou 2 19, Cw si 2/1 eu Cw I; 
B ia I), OP mah oD +} 
A cr r C2 r=\A* Cc} C2 
v 
where 
») » 


¥= —eU—-MAA+F), B= —(1—d)APF+B) ep 


also 


2/22 ow, ,/(t \ou where 
Ja. 25> T “W571 P)—-+P 
C2 2 Cc} 
« Cu 
7? = a, 4 9! 
Cz 
(3.6 
> cv Cu 
p27 23 —(AY p)i— + — 
| Oz cé 
cu eu 
7/13 OY -p)(— + 
Oz or and 
. Yq (Cu a 2 
ne Cosa) ata 
A; cb Cc? r 


4, Sol 


in which 
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Also 
Cu eu 2ev cu C*u 

»? ob 222 = oy; 3 a u, 33 = 

cr= ath ro cor oz° 





” : 22 25 Ae , 
22s) | r2 _ 1 ov, 2% lov 4” 
cr ma 


r2| er? r r2 dé? ° r 06° r@r r 
: (3.8) 
1 o* = o7u Es o7u cu 
v3 , ten, ame 
> > 11 2 22 “02 7 
r= 02° ore ral had or 


Cw mer lL é@ (I. 
> 6«T#=579(7)=0 
02° 2 26,\I, 
After substituting the above in the equations of equilibrium (2.6), and 
ifter rearranging and making use of the equation of incompressibility, 





[, = 0 (3.3), these equations of equilibrium become 
) (fu lew u N cu au (L—N) dv Lov 
fr nee J+ sept+4es+t- - s— sas = 0 
or? ror fr r2 cb? Oz? r= ered r? 06 
Ow L ev Cv Ou (L+N) eu N ev 
N—+5—31+4 54+ (L-—)— 4+ fend | - 0 
rae ore «r* 06? 62" cred r 00 hCUrr Or 


ep’ ew 1 ew 1 ew’ Cw 
op +H £8 
> 


Or? « r*® OF 


éz er, ez 
(3.9) 
where 
H = 4—AV—p, K = 7°34-\a+2AB—AY—p 
L=™_S_F+-)-r’¥-p, M=73—-\’¥—p 
A 2 P I (3.10) 
\ qil uf p 
? 
ind x and 8 are given in (3.5). 
4. Solution 
It may be verified that equations (3.9) are satisfied by 
u f\(r)cos vz cos K@ 
v = f,(r)cos vz sin «6 
(4.1) 


w f,(r)sin vz cos «6 


&(r)cos vz cos KO 
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where 


Fir) Ay, (kyvr) + Ilr) 4 


vy Ul 


A; K (hy vr) “a a K(k, vr) 


K ° ne 
vy Ul 





K 
(k, vr) 4 
1 3" | 


vol 


I (kg vr) | = 


j ¢ : ¢ KB ., 
4 A, K,.. (ko vr) ——— K,(ke vr) | a L(kvr) 4 K (kvr) 
tor r r 
. KA, KA , t (4.2 
f(r) TL (ky vr) + K(k, vr) ° - 
é vpV hyn 
“Ay Lk» vr) — K (ko vr) B kvr I. (Avr) + KL (kvr)| t 
ey cod 
- B'| kurk,, . (kur) K kK, kvr) | 
Js(7) k, A, 1 (k, vr) +h, A, K(k, vr)- 


hy A, I (kevr) ; k, Ag K (ky vr) 
é(r) = k,vA,(K —Hk3)1,(k, vr) —k, vA, (K — HR) K,(k, vr) 4 
ky vA,(K —Hk3)1,(k, vr) —k, vA(K —Hk2)K, (key vr) 


Here J (kvr), etc., and K,(kvr), ete., are the modified Bessel functions of 
the first and second kinds respectively, where for future convenience the 
functions of the second kind will be defined as in Watson (4) and the 
British Association Tables (5). Here A,, A}, Az, A3, B, B’ are arbitrary 
constants; « is restricted to integral values: v is a frequency dependent on 
the compression ratio A: k? = M/N and kj, k3 are the roots of the equation 


H@?—(K+L)0C+M = 0. (4.3 


When « takes the value unity, the above solution represents a distortion 
of the tube witli a lateral displacement of planes perpendicular to the axis 


and corresponds to the Euler strut. 


For x 0 the solution (4.1) represents a symmetrical buckling for which 
u f,(r)cos vz 
ih () 
(4.4 


w = f,(r)sin vz 


p’ &(r)cos vz 
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1 (ky vr) +A) Ky(ky vr) + Ag Ii(ky vr) + Ag Ky(ko vr) } 
f.() k, A, [g(k, vr) +k, Ay Kolky vr) —ke Ae Ig(ke vr) + 
th, AsKy(kovr) >. (4.5) 
é(r) = k,vA,(K —HI3)h(k, vr) —k, vAy(K — HR) K,(k, vr) + 
k,vA,(K —Hk3)I(ky vr) —k,vA5(K — Hk3)Ky(ko vr) 


The equations of the curved surfaces of the tube are initially 


F(r,6,z) = r—a 0 and F(r,0,z) =r—b, = 0, 


y that (¢ F'/e6,) (1,0,0) at both inner and outer surfaces. The radii of 
the tube in its state B are now denoted by a and 6 respectively, where 

a,A~-> and b b,A-?. There are no components of surface traction 
over the curved surfaces of either B or B’, and on using (2.8) this gives 
rise to the conditions 


vil il 7i2 73 — (0 (r=a,b). (4.6) 


Now when 7!! = 0, p may be determined from (3.2), and in consequence 


the following quantities from (3.10) may be put in simplified form: 


@ | i a (1—A’) 
oy Be e 
; 1 (33 ® 
; (-) ; ‘ — : QO = (+ \, 47 
Hy K=O+Na+2M, L=y-Z-(p A}p , (47) 
M=.0, N= var 
d 


where © has been written for A®+-‘’. On substituting the values of f(r), 
: , €(r) in the expressions for 7’!!, z’!*, 7’ from (3.6), and on using 
the conditions (4.6), the following determinantal equation results after 
simplification and elimination of the constants A,, A}, As, Ag, B, B’: 


Pky ko.) Qy(ky. ke, a) Pyke, ky,a) Qy(ko. ky.) Ry(a) Sa) = 0. 
Pi(ky. ka, b) Qy(kys ho, b) Py(hto. ky.b) Qi(ka. ky. b) Ry(b) S\(6) 
P,(k,,a) Q.(k,,@) Py(ky, a) Qo(ks, a) R,(a) S,(a) 
Py(ky.b) — Qo(ky.6) Pala, b) alka. b) = Ra(b) 8, (0) 
P,(k,. a) Qa(ky, a) P,(ky, a) Qa(ks, a) R,(a) S3;(a) 
ky, ) Q3(k,, 5) Px(kg, 6) Qs(K2, 5) R,(b) S3(b) 


(4.8) 
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The elements of this determinant have the following values: 








-kF)k,vO | 2x(K—1)N 2N 
Pi(k, ky) ( ! Fa hl —— ) - |I(k, vr) I. (ky vr) 
ye k vr? r 
(ve — 1 chv 
R,(r) = SS) (kor) 4 1 (kor) 
z= y 
(x—1 
P,(k,, r) we (Ky vr) t KI, i(k, vr) 
. k.vr ; 
(4.9 
“ie(e—1) , Rr 
OO i Mach etter) kvI,.(kvr) 
r ys 
«(1k 
P(k,,1) “ ) T (k, vr) (14k) (kr) 
, Vr 


R,() ) - I (kvr) 


/ 
and Q;, Qs, Qs. S,, Sz, S; are obtained by changing J.( ) to K,() and 
I..4() to —K,,.,() in the corresponding functions P,, P,, P;, R,, Rs, R, 
Here s, ¢ take the values 1, 2 and 2, 1, and r the values a, b. 
5. Symmetrical buckling 
In the special case in which « = 0 the buckling of the tube is symmetrical 

and equation (4.8) reduces to 

P3(k,,%,4) Qi(ky,ke,a) Py(ke,ky,@) Qy(ke, k,, 0) 0), 

(hy, heb) Qy(ky, he, 6) Pyke, ky,6) Qi(ke, k,,6) 


P3(ky, 4) Q3(k,, a) P3(k2, @) Q3(k», a) 5.1 
P3(k,, 6) Q3(k,. 5) P3(ky, b) Q3(hy, b) 
where ° y 
‘ (1+k?)k. vO 2N 
P'(Ie., ky, r) = te" I(k, vr) —-— 1,(k, vr) L 
Am r . (5.2 


P3(k,, 7) (1+-k5) (hk, vr) 
and @Q3(k,, ky,.7), Q3(k,,7) are obtained by changing J,(k, vr) to K,(k, vr) and 
I(k,vr) to —K,(k,vr) in P and P% respectively. 

The elements of this determinant are functions of X and vy, and thus 
equation (5.1) serves to determine v when A is given, or A when v is specified. 
The critical value of A is given by the least compression which permits 
buckling of the type (4.4). Thus if v is regarded as a variable parameter 
the critical value of A occurs at its maximum with respect tov. The equation 
(5.1) is too complex in general to allow an analytic expression for this 
maximum to be found, although when the tube is thin the determinant 


may be expanded as a power series in h, the thickness in the compressed 
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state () = a—b), and from this an approximate critical value (to the first 


order in h) derived. This is carried out in the following section. 


(i) Thin tube 

In order to find the maximum value of A with respect to v to the first 
power inf it is necessary to expand the determinant as far as terms in the 
second power after extraneous factors have been removed. The Bessel func- 
tions J,(k, va), Ay(k, va), ete., can always be removed in factors of the form 
L(k.va) Ky (kh, va) +L (k, va) Ko(k, va) irrespective of the power of h at which 
the series is terminated. After the expansion has been performed and some 


simplification made, equation (5.1) reduces to 


72) 2 . a2p2@ 
an 4N(Ii+-2)- it (1+-2)(1—m) + 
o A= 
h [16N2A2 . 2a*v7O 
IN (i4+-2) 4+- ——_ (4+ 2)(1 ~j. 
val () —_ A? ‘ m)| | 


2a*v?2.N 
: =—{1—m—Ul }-2)}- 


h?,2N7A2/13 — a®v?l 
©) r , 


- 13N(1+2)+ 


3a*v7) 
7 _— (/ T 2)(1- -m)— 
atyi@® . : ; 
122 i(1 m)*—2(1 m)(1 + 1)(7 |-2)- (1 +2) ian & (5.3) 


where 


= 
(= hi+k l po = ~ ) m = kik = a. 


On putting dA/d(av) = 0 in (5.3), and remembering that aA? = do, 


hr h,, the maximum value of A turns out to be 
2h i iy . 
A= 1-—, By — —. (5.4) 
3d, hy 
si is 1—A8 2h, 0 
Then, from (4.7), | = = J0 on te, 
? Ay 
where 0, = ®+". The total thrust required to bring the cylindrical shell 
to the state of instability is thus 
2rah\7*3| = 4rh2 O,, (5.5) 


to the first term in fp. 

It will be noticed that this result is in agreement with that of Southwell 
and Dean (loc. cit. 2, 3) when Poisson’s ratio is given the value } to corre- 
spond to the case of the incompressible material assumed here. 

1092.29 H 
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(ii) Tubes of finite thickness 

In the cases in which the tube is not thin there is difficulty in finding an 
analytical expression for the maximum value of A and resort is had to 
graphical means. 

In order to carry out this graphical work it is necessary to make some 
assumption about the form of the strain energy function, and this is here 
taken to be neo-Hookean, so that W C(1,—3), where C is a constant. 


With this assumption @— 20. Y= 0. 


and the following simplifications result: 


@ of) . (5.6) 
() AD aC. N 
A A 
whilst mm = a, k= 1 


These quantities are now substituted in (5.1), which then gives, after 


rearrangement, 


avxl,(avx) avi k,(avx) = r i I,(av)- ov( : — K,(av) * 
(1 r) I,(av) (1 * Klas 
pavel(pave) paveKy(pava) = - wit I)( av) 4 par( 1+ at)" Ko( ar 
: = 8) Kiya) cn 5 Ki (ua| 
I,(avx) ‘— K,(avx) I,(av) K,(av) 
I, (pave) Ky (pave) T,(pav) Ky (av) 


where x has been written for A’, and p for b/a (= by/ay). 
It is not difficult to show from (5.7) that, as av > 00, x approaches a value 
which is the positive root of the equation 
a3+a?+3r—1 = 0, 


irrespective of the value of u. This root is x = 0-2956 or A = 0-444, and 


hence all curves of A against av have this line as asymptote. It may also 


») 


be shown that when v = 0 all curves pass through the point A 2}, 


although only those portions of the graphs relevant to the maximum have 


been plotted. 


(a) Case Ap 2b, 


In this case the graph of A against av cuts the axis of av at the value 24, 


rises steeply to a maximum at av = 4-4, and slowly approaches the asymp- 


tote from above. The maximum value of A is then 


\ 


A = 0-645 when ayv = 3-5. 
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This leads to an end thrust 


37az C 


2n|7%3| [ rdr = 9 (1M) = 82805 C, (5.9) 
"% 2C 
since @ = a A}, and from (4.7) and (5.6), |733| — 5 (1—A’). 


This is not necessarily the actual form of distortion for which instability 
occurs. as other maxima for A may arise from equation (4.8) which are of 
sreater value than that calculated here for the symmetrical buckling. 




















TTA 
max.A =°645 
OF U=2b, 
SF 
; A=-444 
- 4b asymptote 
3+ 
2t 
av 
O 2 4 14 lo 18 2% 





(b) Case by = 0. The Solid Cylinder 


In this case the constants Aj, Aj of solution (4.5) must be zero and the 
determinant of (5.7) reduces to one of the second order obtained by omitting 
the columns in A,(avx), A,(avx), ete., and the rows containing ». When 
this is developed, it yields 


av(1 + a?)* 1, (av) I, (avx) + 2(1—2?) I, (av) 1, (ave) —4aval, (av) [,(avx) = 0. 


It is seen, by plotting some points on the curve of A against av (Fig. 1) 
forsmaller values of av, that the maximum must occur at a value sufficiently 
large for asymptotic expansions of the Bessel functions to be used. 
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From this it may be verified that the curve cuts its asymptote at av — 143 


and that it has a maximum at 
A = 0-446 (av = 45 approx.). (5.10) 
The curve is very flat after cutting the asymptote. showing little change 
in A for a very wide range of av. The value of av corresponding to this 
critical value of A has thus only been given approximately, as an accurate 
location of this quantity does not justify the work involved. The critical 
A is, however, correct to the three decimal places given, this being very 
little greater than the asymptotic value. 

The end thrust required to produce this form of instability is 

a — 

Dr 733 | r dr 


0 


28-S80a2 C. (5.1] 


Further investigation has not been undertaken. although an examination 
of other modes of instability would have been desirable for cases in which 
« is not zero. The particular value « 1 corresponds to the case of the 


Euler strut. 
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3 F  FONDUCTION OF HEAT IN A SOLID IN CONTACT 


WITH A THIN LAYER OF A GOOD CONDUCTOR 





>. 10) 
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thi By J. C. JAEGER (Australian National University, Canberra) 
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ae Received 19 November 1953] 
tical 
very 
SUMMARY 
Boundary conditions and some exact solutions are given for problems on conduc- 
~ 4 tion of heat in a solid in contact with a thin layer of a good conductor. Numerical 
TI ilculations are made for the case of a wire running normally between parallel planes, 
and the fineness ratio of thermocouple wires necessary to measure transient tempera- 
ition tures accurately in a poor conductor is considered. 
hich 
f the 1. Introduction 
| 
| Ir frequently happens that transient temperatures are measured by a 
thermocouple inserted into a poor conductor. Physiological measurements 
98 are frequently made by a thermocouple mounted in a hypodermic needle, 
and in the food industry it is common to measure temperatures in cans 
either in this way or by wires mounted axially in the can. It is important 
Can 


to be able to estimate the errors in such measurements caused by conduction 
of heat along the wire. 

It appears that exact solutions can be obtained for a large class of prob- 
lems in which a solid with plane or cylindrical boundaries is in contact at 
some of its boundaries with ‘thin’ material, the only restriction on this 
latter being that its temperature is assumed to be constant across its 
thickness. The results are expressible in terms of functions which arise in 
one-variable problems in which a solid is in contact at its boundaries with 
a perfect conductor. 

In section 2 the boundary condition is derived and in section 3 the most 
interesting case, that of a wire running normally between parallel planes, 
is discussed in detail. Some numerical results for this case are given in 
section 4. Solutions of some similar problems are given in section 5. 


2. Boundary conditions 

Suppose that a cylindrical wire of radius a, thermal conductivity A,, and 
diffusivity x, is in contact at its surface with a solid of conductivity K 
and diffusivity «. The wire is supposed to be a relatively good conductor 
so that its temperature is uniform over its cross-section. Taking the wire 
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along the z-axis of cylindrical coordinates, and assuming that there is 
perfect thermal contact between the wire and the surrounding solid at | assv 
the boundary r = a, the equation of conduction of heat in the wire gives 

Cn ov l ov 


+h 0, r= 4, (1) | 


cr K, ct 


9 


Oz 
wh 
where h 2h ak,, (2) 


and v is the temperature in the solid. 

This is the boundary condition at r = a. If instead of a solid wire there 
is a thin cylinder of radius a and thickness d, the value of / in (2) is replaced 
by K/dK,. Similarly, the general boundary condition for a solid covered 





by a thin surface skin of a good conductor can be written down. The result 
may be generalized to the case in which there is a contact resistance between 
the skin and the solid. 





3. A wire running between parallel planes 


The problem which will be considered is that of the region —/<2z</, | 
r > a, with zero initial temperature, the surfaces z |] maintained at 
unit temperature for ¢ > 0, and with the boundary condition (1) at r =a. v 

The differential equation to be solved is 


= lov oa | al a . ] Lt Q (3) 

or r or 02° K ct 
with v 0, t 0, r>a, l “a © (4) 
2 l Z / / a, t 0 (5) 


Writing @ for the Laplace transform of v, so that 


P ( e-Ply dt, (6) 


it follows by the usual method (1) that @ has to satisfy 





C77 lL ci Ce ) 
. = I vr 0 ) a l l (7) 
or* r oc CcZz* K 
with B l/p, z +], r>a (8) 


and 








ere is 


lid at 


' Gives 


(1) 


(2) 
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(6) 


(3) 


(9) 
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To solve these, following a method developed for similar problems (2), we 


assume a solution 


se cosh qz : (2n+-1)zz ,, 
; ete obs “OS BMeccce a” 4 10 
t p cosh gl 3 a,, CO 2] oFn) ( ) 

( 
where q? = p/k, (11) 
” (2n + 1)?2r? ” 

q eels EY" 12 
In 4P | (12) 


This satisfies (7) and (8), and (9) requires 


.. , 2 T 27 2 r , 2 T Tz 
S a | E T : = _ at K,(aq,,) T hq, K(a1,) cos ( = - 


Ly" \\ie, 4P 
(; 7 ») eRe (13) 


} 
K  «,) coshq/ 


It follows that 


(—1)"za?(2n 4+-1)(K,—k) 








ay “979..9¢ 9.9 r r ? (14) 
. «71? qi, 1 (a"qy, T b,,)Ko(aq, ) T aH, K,(aq,,) 
Py 1 po Fy Ik 
i " (2n+-1)?x*a* (rey =k) y—*! ah 2Kk, (15) 


417K K Ky 


Therefe re, finally . 








@ei(a2q2 +b, )K,(aq,)+aHq, K,(aq,,)} 
(16) 


The derivation of v from é follows the usual procedure for the inverse 


coshqz | 7a*(k,;—K) S (— 1)"(2n+-1)Ko(7q,,)eos(2n + 1x2 21 


sosh al | -2]2 
p cosh q Kl a 


Laplace transformation. The integrals involved have been discussed else- 
where (3, 4). The final result is 


2(x,—K)a2 ~ ere 2n+-1)xz 
ys | =( 1 - » ( 1)"(2n \ 1)< (2n+1?atxt 4? eog | adh D I a2 Ys 
Kl? fant, 21 
n=( 


e-Kwta® F(, u) du 
; uA, (uy ” 
0 
where 
F(r,u) = Jy(ur/a)|(b, —u®)¥o(u) + uHY, (uw) |— 
—Yo(ur/a)[(b, —u? Jou) + ui J(u), (18) 


A, (u) = [(b, —u®)Jo(u) + ut, (u) P+-[(6, — u?)¥,(u)+-uHY,(u)|?. (19) 
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The most interesting quantity is the temperature v, at the midpoint of § 


the wire, 7 = a, z = 0, which is given by 
P olin. ae ht : 1 
‘ | 4(ky—K)K a h SN (—1)"(2n-+ l)enKen+b rae | e—Kurtia® di 
? 7K? — R uA, (2) 
n=0 


(20) 

4. Numerical results 
The series (20) is rapidly convergent, and the integrals in it are not 
difficult to evaluate numerically. The parameters involved are «t/l?, which 
determines the temperature in the solid in the absence of the wire, the 


1-0 





0 02  o-4 06 Oo8 10 
Kt/l? 


Fic. 1. Temperatures at the centre of a wire of radius 





a running normally between parallel planes distant 
2/ apart. The numbers on the curves are the 


values of a/l. 


fineness ratio a// of the wire, and two thermal parameters, «,/« and Kx, A, x, 
so that it is impossible to give numerical values for all likely cases. 

In Fig. 1, v, is plotted against «t//? for the values 0, 0-0036, 0-005, 0-01, 
0-02 of a/l for the case K, = 0-93, x, 1:14, K = x = 0-0014, corre- 
sponding to a copper wire in water or biological material. It appears that 
even for the smallest value, a/] = 0-0036, there is a substantial difference 
between the temperature in the wire and that in the solid in the absence 
of the wire: further, this difference is roughly constant, so that for the 


smaller values of the time the percentage error will be very large. The 
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CONDUCTION OF 





HEAT 
fF discrepancy will be increased if there is a contact resistance between the 
wire and the solid, or if the solid is a worse conductor than water. The 
value a / = 0-0036 corresponds roughly to a 28-gauge wire between planes 
idem. apart or to a 40-gauge wire between planes 3 cm. apart, so it appears 
that substantially thinner wires than these are needed to give an accurate 


)) measurement of temperature. 


5. Extensions 


nt 
h A wide variety of problems involving boundary conditions similar to 
e 2) can be solved explicitly. The cases of greatest practical interest are, 


firstly, that in which the wire of section 3 is heated by electric current, 
the surfaces z _] being kept at zero temperature, and, secondly, the case 
of a wire running along the axis of a finite circular cylinder. The solutions 


of these are given below. 


For the region —/ <z <1, r >a, with zero initial temperature, the 
surfaces 2 -] maintained at zero temperature for ¢ > 0, and the 
boundary condition at r = a 

o*v cv «61 ov A 
= — — — - ——, (21) 
0z* cr Kk, at kK, 


where A is the rate of supply of heat to the wire per unit volume, the 
temperature at the midpoint of the wire, z = 0, r = a, is given by 


16AP? =" (—1)"Kof{(n+-3)za/1} 


TK, & (2n+1)7{(2n+ 1)x®Ko{(n+ })ra/l}+-2alhKy{(n+ ra /l}] 


( 





x 
: 2 43 =a i , »—Ku*ta® 
L6AKparh YS (—1)" con sata | rr. 
7K, K? — 2n-+1 J [w?+(n+-$)?x?a?/ PIA, (u) 
n 0 a 
(22) 


where A, (uw) is defined by (19). 

For the region —1 <z <l,a <r <b, with zero initial temperature, 
the surfaces r = 6 and z -/ maintained at unit temperature for ¢ > 0, 
ind the boundary condition (2) at r = a, the temperature at the midpoint 
of the wire, 7 a, 2 0, is 





| ma%—K) S _yyo a 

]24 > \ L)"(2n- I) S | a C ol Xm? b Xmn a)» 
K ee 

n 0 m 


K(2n- 
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where Cy(a, baa) = Jy(x)¥o(bx/a)— Yo (a) Jy(bx/a), 
Fran = (On = %n,no(% nn) + Hon,» A( nn) Fo(b% nn!) 
{[(b,,—2?2, n)?— A(2—HA)o?, n|I5(ba».»/@) 
[bn = o%in.m Jo m,n) +H n,n A (%nn) 
H and b, are defined in (15), and +.,,,,, m = 1, 2,..., are the roots (all real 


and simple (4)) of 


[ (b,, —a*)Jo(x) + aS, (x) |¥q(ba/a)—[(b,, —a?)¥o(a)+- aH, (a) jJy(ba a) = 0, 
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THE PERIODIC SOLUTIONS OF A NON-LINEAR 

DIFFERENTIAL EQUATION OF THE SECOND ORDER 

WITH UNSYMMETRICAL NON-LINEAR DAMPING. 
AND A FORCING TERM 


By A. W. GILLIES (Northampton Polytechnic, London) 
[Received 9 April 1954] 


SUMMARY 
The equation considered is 


b—wy(e+ethv—ev?)é+wev 2 Bw, sin w,t 


with « small, B and w,—w, also small so that both are O(e). This equation differs 
from van der Pol’s equation by the presence of a relatively large term in v in the 
damping coefficient. The effect of this is that the solution has to be developed in 
powers of e?, and the equations of the first approximation cannot be obtained without 
onsidering the second harmonic. Consequently methods such as those of Kryloff 
nd Bogolinboff or Cartwright’s difference equation have to be carried a stage farther 
than is necessary for the van der Pol equation. 

In the present arrangement of the solution the equation of the first approximation 
s obtained more directly, the form of the series development of the exact periodic 
solutions is exhibited, and the convergence of the series, for € sufficiently small, is 
established directly by comparison with a convergent series of positive constants. 
Variational equations are obtained for the amplitude and phase of the non-periodic 
solutions, and the stability of the periodic solutions is deduced from the character 
of the singular points of the variational equations. 

The amplitudes of the periodic solutions for different values of B and (@w,—wo) are 
exhibited by resonance curves which are unsymmetrical, and correspond more closely 
to those obtained experimentally than is the case for the van der Pol resonance curves. 


1, Introduction 

CONSIDERATION of a simple valve oscillator circuit leads to a differential 
equation of the form 

Bv+yv?+... 
The second term on the left may be written 


d ie 
> Thad + $Bv?+-dyv3-+-...), 


j+(a- \e +-we v 2 Bw, sin wy t. (1) 


the bracket arising from the representation of the valve characteristic by 
a power series, or approximating polynomial 
, ; 1 Qo 21 3 » 
v x, V+ SBe + dyn +-..., (2) 
the linear term being modified by the linear circuit resistance and by the 


[Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 1 (1955)] 
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effect of ‘feed-back’. The coefficient « is positive when there is no feed-back 
or negative feed-back and the circuit is dissipative and incapable of self- 
oscillation. With regenerative feed-back a is reduced, becoming zero at 
critical regeneration and negative when the circuit becomes self-oscillatory, 

It has been claimed that the essential features of the behaviour of the 
system are revealed by using a cubic characteristic, the powers beyond the 
third contributing more exact quantitative information rather than new 
qualitative information. 

It has been usual also to assume the biasing voltages adjusted so that the 
quiescent point is at the inflexion of the characteristic so that B = 0. 


Equation (1) is thereby reduced to the form 


i—ew )(1—v?)b+wpv = 2Bw, sina, t. ( 


This is the equation of van der Pol which has been the subject of extensive 
investigations. Nearly sinusoidal solutions are obtained when e is suff- 
ciently small, i.e. when the electric circuit is sufficiently near to critical 
regeneration. 

Furthermore, it has been shown that if 8 is not zero, so that the factor 
multiplying # in equation (3) contains a term in the first power of v, and 
this term is assumed to be of the same order as the other terms in that 
factor, then its presence does not affect the frequency of the free oscillation 
(B = 0), or the amplitude of free or forced oscillation in the first approxima- 
tion, to within terms of O(e). 

The latter result, however, derives from the usual practice of characteriz- 
ing the magnitudes of all the small terms by the first power of a single 
parameter e, in powers of which the solution is developed. In practice, if 
one regards equation (2) as giving the Maclaurin expansion of the charac- 
teristic one would expect that the terms would be of decreasing orders of 
magnitude as the index of the power of v increases, i.e. that B would be 
smaller than a,, and y smaller than f, and so on. In fact the operating 
range of the valve characteristic may conform much more nearly to a 
square law than to a symmetrical cubic. Thus, unless the circuit is deliber- 
ately biased to the inflexion, it is likely that 8 will often be much larger 
than y. The constant term « of equation (1) has, as it were, been artificially 
reduced by regenerative feed-back compared with a, of equation (2), so 
that near to critical regeneration it is reasonable to assume « to be of the 
same order as y. This is, in any case, brought about by normalizing the 
equation, but in many cases 8 may be considerably larger. In these circum- 
stances the system may be more closely represented by an equation of the 


form . sia : 
§—w (e+elkv—ev*?)i+wiv = 2Bw,sinw, t. (4) 
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It is the purpose of the present paper to examine the solutions of this 
equation when ¢ is small, with particular reference to the forced oscillations 
when w, is near to w, and k is O(1). 


2. The method of solution 

Periodic solutions of equations such as the present one have usually been 
developed in powers of the small parameter which in this case must be e!, 
and even the first approximate solution tends to be clumsy when the 
differential equation involves the small parameter in more than one power. 
Thus Greaves’s (1) solution for the free oscillation is clumsy and requires 
modification in detail if applied to the present equation with B = 0 and 
the method of Kryloff and Bogolinboff (2) requires to be carried a stage 
farther than usual. 

The method which will be employed in the present paper proceeds on 
somewhat different lines. The amplitude 2b and phase ¢ of the funda- 
mental component of the periodic forced oscillation are determined by the 
solution of a non-linear transcendental equation, and the higher harmonics 
of the solution are then expressed as series in powers of b. It will be found 
that this arrangement not only allows the first approximation to be obtained 
more directly, but also enables the convergence of the complete solution to 
be established by direct comparison with a convergent series of positive 
constants, and the error resulting from terminating the solution at any 
point to be related to the remainder after an appropriate number of terms 
of the comparison series. 

To appreciate the logic of the method, which derives from steady state 
electric circuit theory, it is convenient to distinguish between the small 
parameter when it occurs in the non-linear terms and when it occurs in the 
linear damping term. We will therefore write «¢) = in the non-linear terms 
so that the equation becomes 

b—w,(e+pko—pPev*)i+az%v = 2Bw,sinw,t. (5) 

In the development ¢ and yu will be treated as independent parameters 
of which » will always be small. 

By a change of time scale equation (5) may be brought to 

§'—(e+pkv—p*ev*)t+v = 2Bw,sinw,t, (6) 


in which form the equation will be considered. 


3. Periodic solution developed in powers of B 
If D is used for d/dt, the equation (6) may be rearranged in the form 


2Beosw,t = (« D—5)r4 Luke? —dy2v3 


or 2Bcosw,t = ((D)v+ spkv?—}p?0r%, (7) 














A. 
where 
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C(D) 


€ 


] 
ry 


D 


” 


A periodic solution of (7) may be developed in powers of B by treating 
¢(D) in the same way as an impedance operator in circuit theory, i.e 
{(D)exp iwt is replaced by' C(tw)expiwt. Write 


. vy) B4 yp) B2 


tum Br... 
in which the v’” are functions of ¢ to be determined. 


of t of period 27/w,. Using exponential notation we thus obtain 
exp(iw, ¢)- 


equation (7) and equate coefficients of like powers of B, then equations are 


obtained from which the v” are obtained in succession as periodic functions 


Substitute (9) into 


(9) 








and v 
frequ 
Pr 
° y a 
exp(—iw, f) C(D)v iorm 
0 = {(D)v®+ dukvo” (10 with 
\ ) 
0 C(D)v® ! pky Dy A 2y(0 n 1 
eh er oe The 
From the first of equations (10) we find 4.6 
yi) v4 y'2), ie 
where = 
vi) — —_—_ exp(tw, t), 
C(tw,) 
. in W 
vy) =. exp(—?w, t), 
C( tw) 
the subscript r in v\") indicating that this term contains the exponential 
factor exp(7iw,?), and is therefore an rth harmonic term. 
. . ° ant 
From the second of equations (10) we obtain 
| If w 
2 1 k (1)? 
t - i BK the 
¢(D)° , 
E 
7D duk(vy* + 2v1) ot) 1 a(t )*), (11) has 
C(L/) ana 
Thus v® = vf) + of) +0), fore 
“here ext 
where . pho) yi) ; 
vo ; 0, will 
(0) 
spo)? " 
P tke th : 
v2 abe. a exp(2iw, ¢), I 
- 97(9 . 727 
~C(2tw,) =O7 Se 
+93(1)* . 
‘ tkv tk ; 
ea f = of =— exp(— 22w, t) 
' 2¢(— 22w,) a, Sa 
in which ¢, is used for C(riw,). The sum v?’+v), 
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From the third of equations (10), v® is obtained as 
1 


(3 


? v3) } vi?) + v'*), | ym, 
where 
. | ‘ P Z 1 / k ere 

vy , (uke} Ug bpPe} ) Ez (= sé }tey (12) 
G3 C3\20, 3, 
| 1 /k 

(3 wp(1) go(2 2)(1)2 9(1) 2,,(1)? 9,1) 

v7} > (whol) v3? — peop” 04) = —F ae aaa U-1 
Gy $1\=Se 


and v3), v3) are the conjugates. v8) +-v) gives areal term of third harmonic 
frequency and v\>’+v') is a real term of fundamental frequency. 


Proceeding in this way the v are determined in succession in the general 
f . 
orm dn Am) ¢ 
u = > of (13) 
with r running through the odd (even) integers when n is odd (even) from 
nto +n, r = 0 being omitted when n is even, since vg" is always zero. 
The series (9) then gives a formal solution of the equation (6). 


4, Convergence of the solution in powers of 6 
An interval of assured convergence for the series (9) may be obtained 
by considering the equation 
E = Ny— 3k 7? — hei 7. (14) 


in which .V, y,, and /, are positive constants chosen so that 


BoM 
bi < &, ; (15) 
and C(+triw,)| > BN = 1, 2:3...) 
If w, has values near to unity (i.e. near to w, on the original time scale), 
the third condition requires V = |e}. 

Equation (14) has the solution 7 = 0 when € = 0 and since V = 0 it 
has a solution for 7 as a function of £, vanishing when € = 0, which is 
analytic in a certain neighbourhood of € = 0. This solution can there- 
fore be expanded in powers of €, the expansion converging in a circle 
extending to the singularity nearest to the origin on the €-plane, which 
will be one of the branch points determined by d&/dy = 9, i.e. 

0 = N—py ky y—py 7. 


Let this branch point be € = R, 7» = S, then we may obtain 


R = —_[(4N-+)!—6k, N—3], (16) 
12py 

g — | [an +e2)'-h] (17) 

, 3 . 1 "ey" ‘ 
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The series for » in powers of & will therefore converge if 


{ 4 2)¢2 { ) ‘ 
DE Ni “Sa sate ak hi le 18 


substituting in (14) and equating coefficients of like powers of € to deter- 
mine the 7” in succession, a set of equations is obtained which corresponds 
term by term with equations (10), such that if 2B < € < R and the in- 
equalities (15) are satisfied then (9) is dominated by (18) in the sense that 


grin Br ‘ pI pin Bn ‘7 nfME". (19) 


? 


Thus the series (9) will then converge absolutely and uniformly with 
respect to ¢. Since its terms are analytic in ¢ its sum is an analytic function, 
which, from the manner in which it was derived, must satisfy the differential 
equation (6). Moreover its terms may be rearranged according to frequency 
to give the Fourier expansion of the solution, each harmonic being repre- 
sented as a power series in B. 

It may be noted that v” contains pu only in the factor ”~! so that the 


series may be regarded equally as a development in powers of j. 


5. Inadequacy of the solution in powers of B 

The series (9) provides a solution of the differential equation for any k 
and p less than k, and yp, respectively, and for B < }R, where R is given 
by (16). If e« were negative and not small, i.e. the circuit had appreciable 
positive linear damping, this solution would have an adequate interval of 
convergence, and would determine the steady response of the non-linear 
system to the applied e.m_f. 

The interval of convergence of the dominating series (18) will be wider 
the larger the value which may be chosen for V, the other parameters 
being fixed, since V occurs as a divisor in determining the 7”. But V must 
be less than the corresponding divisors, the {(+-riw,) which occur in the 
determination of the v. Thus, in the case envisaged in the present paper, 
when ¢ =p? is small. the interval of convergence is restricted however 
small », may be. In fact, for a fixed k, 4 0, R approximates to pj/(2h;) 
as p, > 0, or if hk, 0 then R guz, for « = pi. 

We observe firstly that this restriction on the interval of convergence 
arises through the occurrence of {(-+-iw,) as a small divisor in the deter- 
mination of the v”. If this can be avoided then a better choice of V may 


be possible. Secondly, the v are expressed in the first place, as in equations 
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11) and (12), in powers of v\!’ and v), and the relationship between the v” 


? 


and the »'” will remain valid so long as 


HO | + leat < WME < =, (20) 


the conditions (15) being also satisfied. These observations suggest a modi- 
fication of the method which gives an entirely adequate interval of conver- 
gence. It is known that if Bis sufficiently small at least one periodic solution 
certainly exists. Therefore let the fundamental term in the Fourier expan- 
sion of such a periodic solution be 2b cos(w,t+¢). It will be shown that 
the harmonics above the first may be expressed by series in powers of 6, 
while 6 and ¢ are determined by an auxiliary equation. 


6. Periodic solution in powers of b 


To do this replace (9) by 


? yDb | gy ph2 = tL gmpn ee (21) 
with v) = 2cos(w,t+¢), 
1.e. vi = expi(w,t 1), yt) = exp( —i(w,t+d)), (22) 


so that vb isthe fundamental of the periodic solution. Substitute (21) into 
7) and choose the x in succession, to annul all terms of other than funda- 
mental frequency. The v” are then given by the same expressions as before, 
with the omission of the terms v{" and v"} when vn is odd, and the omission 
of terms which arise from these in the higher orders. Thus v® is still given 
) (3) with v given by (12). 

The terms which were formerly cancelled by v” and v'“} now remain to 


by (11) while «® contains only vy? and v 
form an equation containing only terms with exp(iw,t) or exp(—ia,t), 
which will be satisfied if the terms containing exp(iw,t) are equal on the 
two sides, since those containing exp(—iw,t) are the conjugates of the 
former. This gives the equation 


: je2 , 

Bexp(iw, t) (Dey b— (5 -. 1) vl) b+... 
aF (1) ke 2).(1)2 91) 3 Qs 
C(t, )U} b—(5; — Lute v)) 68 +-..., (23) 


the right-hand side being an infinite series of the form 


>2 A,,, - penyllon +1 yt) bens, 
n 0 
where the A,,., are functions of k and of the values of the ¢(+7iw,) for 
Oe eee 2n, and n 0, while A, = C(tw,). 


I 
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If we substitute for v) and v} from (22) and divide by expi(w, t-+-¢), 


equation (23) becomes 
Bexp(—id) = C(tw,)b be + 1)u2b8 oer 24) 
“Se 

The right side of (24) is an infinite series which along with (21) must 
converge for the process to have any significance. If, however, a positive 
b and ¢ can be found, for which the series converge, and which satisfy 
(24), then with these values for 6 and ¢, (21) provides a periodic solution of 
the differential equation. Equation (24) thus determines the amplitude and 
phase (it is equivalent to two real equations) of the periodic forced oscilla- 
tion. It will therefore be described as the amplitude equation. 


7. Convergence of the solution in powers of / 

Comparing the present procedure with that of section 3 it is clear that 
in terms of v\!) and v1} we have simply omitted from the uv” certain terms, 
namely vj” and v"} for n odd, which were formerly included, and the 
relationship to the.series for » in powers of € remains, in the form 


yp" | < > uy”? yr < fE", 
provided (jo? + |v) |)b < ME, 
i.e. 2b < E/N < RIN, 


together with (15), with the important difference that the last inequality 
in (15) need not now be satisfied for r = +1. Since 
“ae ‘ l 
C(riw,) € -i{rex, — 
VQ, 
this means that if w, is restricted to values near to 1, V may take a value 
near to 3 which is independent of e. 
Furthermore, the terms in 6” which remain to form the amplitude equa- 
tion will have the sum of their moduli less than V7\"E" so that the series 
24) will be dominated by the comparison series (18) multiplied by V. 
It is also clear from (16), since .V is now independent of e, that given /; 
and b, we may choose p,, so that R/N > 2b,. We then have the theorem 
Given constants b, and k,, the series (21) and (24) will converge absolutely 


and uniformly with respect to t, for any b <b, and any k <hk, provided 
<p, and w, is near to 1, this statement being valid whether we set « = w° 
in the linear damping term or continue to regard € as an independent parameter. 

These conditions being satisfied, the possibility of (21) providing a 
periodic solution of the differential equation depends on the existence of a 


solution of the amplitude equation with b < 4,. 


In discussing this we cease to treat « and uw as independent parameters 
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and ,2 will be replaced by e. Since v” contains u"~!, ie. €&"~)?, as a factor, 

the series (21) proceeds in powers of e! as well as in powers of 6, whilst 

24) is of the form ¥ A,,,,, vy?" “vy e"b?"*! and proceeds in powers of e, 
n=0 


the series converging provided « < «, = pj. Both series may thus be 
regarded as developments in powers of e! and ¢ respectively, the coefficients 
of which are also functions of e through the ¢(+riw)). 

Since the interval of convergence b < b, has been fixed it is necessary 
to regard « as determining the relative orders of magnitude of the terms; 
and when considering an approximate solution in which only the first 
few terms of the series are retained, with ¢ sufficiently small for higher 
powers to be neglected, terms arising from the coefficients which are of 


higher order in e may be omitted. 


8. Solution of the amplitude equation 


It is now assumed that B, as well as w,—1, is small of O(e) and we will 
- «F = B, 
l 


ex wW,— : 2(w, -}). 
Wy 
We then have C(iw,) = e(1—izx) 
and the amplitude equation (24), after cancelling the common factor e, 


becomes 


F exp(—i¢) (1 ixyb—(57-+1)0®+eR,, (25) 


where «R, denotes the sum of the terms beyond that containing 6%, and 
eR, is certainly less than V/e times the remainder after the third term in 
the expansion of 7 in powers of € with » = e! replacing p,. Since 7” then 
contains 4”~! as a factor, the other factors being constants, this can be 
made as small as we please by making « sufficiently small. 

With « = 0 equation (25) has solutions determined by 


F exp(—id) = (1—ix)b {— ES 1b". (26) 


ind we may use implicit function theory to show that if ¢€ is sufficiently 
small (25) has solutions near to those of (26) and which differ from the 
latter by a quantity at most of O(e). 

The solutions of (26) are independent of « and the constant 6, may be 
chosen so that the roots of (26) for 6 are less than b,: «, may then be chosen 
so that the series converge for b < 6, and e < e,. Thus if € is sufficiently 
small the solution of (25) near to any solution of (26) will be within the 





116 A. W. GILLIES 


interval of convergence and for such values of 6 and ¢ the series (21) con- 
verges and gives a periodic solution of the original differential equation. 

If B = 0, i.e. there is no external forcing term in the differential equation, 
w, may be replaced by w, and b by a throughout, and equation (25) with 
B 0 will then determine the frequency w and amplitude a of a free 
oscillation. Thus if (25) so modified can be satisfied by positive values 
of a and w, then for e sufficiently small (21), with a instead of b and w instead 
of w,, will give a periodic solution of the differential equation with B = 0, 
of period 27/w and fundamental amplitude 2a. 

It is not necessary to specify any particular method of solving (25), but 
clearly if € is sufficiently small the solutions will be approximated by those 
of (26), which may therefore be regarded as the equation of the first 


approximation. 


9. Error in an approximate solution 

Suppose that the amplitude equation is cut off at the term containing 
p2"be"+1, that is e"b?"*1, terms beyond this being omitted, and that b and 
¢ are chosen to satisfy exactly the curtailed equation. Suppose that with 
these values of 6 and ¢ the series (21) is carried as far as the terms con- 
taining the same powers of » and6. A comparison of the solutions of (7) and 
of the comparison series shows that the sum of the moduli of the residual 
terms when this curtailed series is substituted for v in (7) is certainly less 
than N[ f2n+Bg2n +2 pansoganss yD, 


q 


i.e. less than .V times the remainder after the same number of terms of the 


comparison series. Since 7" contains pj} ~! as a factor, this remainder is of 


the form p7"~! times a bounded factor and may certainly be made as small 
as we please by taking py, sufficiently small. Thus the residual when the 
approximate solution is substituted in (7) is less than Ce"*! where C is 


independent of e. 


10. The equations of the first approximation 


We have Go C(22w,) € “i 20, - 
2w, 
37 + O(e) 


when w, is near to |. 





We may therefore replace ¢, by —3i in equation (26), and separating 
real and imaginary parts we have 


F cosd b(1—b?) | 


(27) | 


F sind = b(x+vb2) J” 
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where v is written for 442. These are the equations giving the first approxi- 
mation for 6 and ¢. 
For the free oscillation they become 
0 = a(l—a?), 


0 a(x+-va*), 


and, rejecting a = 0, they have the solutiona = 1,2 = —va? = —v. Thus 
a free oscillation must have the real amplitude 2a = 2 and frequency given 
by 2(w—1) = we ve, Le. w = 1—}ve = 1—}h*e. 


Comparing with van der Pol’s equation with k = 0, it appears that a 
non-zero value of k does not affect the amplitude of free oscillation in the 
first approximation, but causes its frequency to deviate below w, = 1. 
This is associated with the relatively large second harmonie whose ampli- 
tude is O(e!), whereas in the van der Pol case the second harmonic does not 
oceur, and the third is O(e), and is in accordance with the well-known 
relationship between frequency and harmonic content (3, 4). 

Turning now to the forced oscillations, squaring and adding equations 
oi) eevee F2 = b{(1—b2)?+ (w+-vb?2)?], 
or, writing y = b?, F? = y|(1—y)?+-(a+vy)?]. (28) 

The curves representing y against x for fixed F are the resonance curves. 
For vy = 0 they are the van der Pol resonance curves. If P’(x’, y) is a point 
on a van der Pol curve, the point P(x, y) with 2 = 2’ —vy lies on the curve 
for the same F’ on the resonance curve figure for v. Thus the general figure 
may be obtained from the van der Pol figure by displacing all points to the 
left by an amount proportional to the ordinate, so that the maxima of the 
resonance curves lie on the straight line x 





vy instead of on the y-axis. 
This gives the unsymmetrical resonance curves as shown in Figs. | and 2. 
Double roots of (28) satisfy 
0 (l—y)(1—3y)+-(x+-vy)(x~+- 3vy). (29) 
This is the locus of points of contact of tangents to the resonance curves 
which are parallel to the y-axis. This curve, denoted by @, is an ellipse 
for vy < v3 (Fig. 1), a parabola for v = v3, and a branch of a hyperbola 
for v v3 (Fig. 2). 
A triple root of (28) must satisfy (29) and also 
3(1+-v?)y+ 2(va—1) 0. (30) 
This determines two points for vy < v3, at each of which a resonance 
curve is tangential to &é. The right-hand point is at x = (1—v3v)/(v3+-r), 
the left-hand point is at x = —(1+ v3v)/(v3—v), in each case with y given 
by (30) and F? by (28). The second value of x tends to —o as v > v3, 
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and is no longer on the figure when v > v3. 
z= +1/v3,y = 3, F? = $ 


3° 27° 


For v 0 these points are 
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STABLE 
FOCI 












\UNSTABL 
UNSTABLE ved 


FOCI 








-4 -2 ° 2 x 
Fic. 1. Resonance curves for v 1. The values of F? are shown 
against each curve. The broken lines divide the plane into regions; 
points in each region correspond to singularities of the variational 
equations of the types indicated. 


For F? 


3; the resonance curve has a double point at x Ly, y = }. 
For F? < # it has a loop surrounding x v,y 1, which point repre- 
sents the free oscillation, together with a branch extending from x ve 
to x = +0, asymptotic to the x-axis in both directions. For F? > 4 the 


curve has a single branch extending from x = —otox © asymptotic 


to the x-axis again on both sides. The stationary points of the resonance 
curves all lie on x vy. 


When vp - 


& and there is never more than one y (i.e. one periodic solution) for 
If, however, v > 


\3, for a sufficiently large F the resonance curve passes above 


any 2. 
V3, every resonance curve intersects & on the left, giving 
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are an interval of values of x in which there are three values of y (i.e. three 
periodic solutions) for each 2. 
y 
ysTaste S 
NODES \ 
\ \ $2 
\ 
COLS 
‘ STABLE 
‘ oe 
OTNovES t 
NA 
NA 
Nw 
\N 
SS 
STAB SS 
a 
aa eoawaeaaea -_ ee 
XN UNSTABLE 
None © SK FOC! 
N 7 
-4 =2 fe) x 
Fic. 2. Similar to Fig. 1, but with v 2. 
11. Stability of the periodic solutions 
3° Since only stable periodic solutions are physically significant the stability 
yre- of the possible periodic solutions must be considered. 
© Let the formal solution (21) be denoted by K(b, ¢,t), i.e. 
the : F 
ti K(b, d, t) > vob”, 
stic 
nee The terms of the amplitude equation together with their conjugates are 
the residual terms when the formal solution is substituted for v in equation 
ove 7). Bringing these on to the left-hand side they are 


k2 - 
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or with the assumptions regarding B and w, 
2e| F cos Wy t—6(1 b*)cos(w, t+d) b(a+vb?)sin(w, t+-4)+ Ole)]. 
Denote this expression by 2H(b,4,t). so that 


H(b. 4. t) e| F cos w,t b(1- -b* )cos(w, t+-4)—b(x- vb*)sin(w, ¢ th) +-O(e)], 


Since the differential equation (6) is obtained by differentiating (7), the 
residual terms when the formal solution is substituted for v in (6) will be 
2(€H /ét) when the equation is written as 


d?v dv ‘ 
(e+etkv—ev?) v—2Bw,sinw,t 0. (31) 
dt? dt , ; 
ee CK . -o, OK ; : oH 
Thus ——(e+etkK —eK?) | K—2Bw,sinw,t = 2—. (32) 
ot* ct ct 


Furthermore, since real b and ¢ are chosen to satisfy the amplitude 
equation, the conjugate equation being satisfied by the same values, it 
follows that such values will cause both H and @H/ct to vanish for all 
values of ¢. 

In order to discuss the stability of the periodic solutions we now intro- 
duce 6 and ¢ as new independent variables defined by 


v Kk (b, 4, t), (33) 
dv K(b,d,t 
De OE) _ re. 8). (34) 
dt ct 
Equations (33) and (34) require 
ck h ! ck a 1H — QO. (35) 
cb Ch 


It we now substitute from (33) and (34) into the differential equation 
(31) and use (32) we obtain 





fe H)b- (a6 L=6@ (36 
ch\ et Cd ct 
where L = (e+e! K —eK?)H. 
Cc 
Solving (35) and (36) for 6 and 4 gives 
PO Fe (= H) . 37) 
Ch Ch ct 


ok Cc {c K 
| 4 : 3 
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7” cK @ (eK CK é(éekK 

with A , ( — — HH} ——— —|—_ — Hf}. 
ch od\ et Ch ob\ et 

Equations (37) and (38) determine the variation of amplitude and phase. 
Ifb and ¢ satisfy the amplitude equation, H, 0H /ét, and therefore also L, 
ill vanish, so that 6 and ¢ also vanish. Thus 6 and ¢ remain constant and 
33) determines a periodic solution. 

Evaluating the right-hand sides of (37), (38) as far as terms of O(e) gives 


» F cos d+6(1—b?)+ O(e*), (39) 
2bd — ‘ . 
- F sin d—b(a+vb?)+ O(e?). (40) 


If arbitrary initial values are given for v and dv/dt,equations (33), (34) with 


« = 0 have a unique solution 


1 /f 1 /dv\2 
ij a pe Geos 
tag f calat) | 


and ¢d in —7 <¢ <7, the jacobian A = —4bw,+O(e!) not vanishing 
except for v = dv/dt = 0, and then b = 0 and ¢ is indeterminate. For « 
small they will therefore have a unique solution for 6 and ¢ with values 


near to those for e a provided 


ie L (dv\? ” 
f} v2 4+ —f < 2 


where 6; is less than 6, by a quantity of O(e!), so that b < 6, for convergence. 
These values of b and ¢ provide initial conditions for the system (39), (40) 
corresponding to which this system has a unique solution for 6 and ¢ as 
functions of ¢, which in turn through (33) determines a solution of (31). Thus, 
within b < b,, the system (39), (40) is altogether equivalent to the original 
differential equation. 

Moreover for ¢ sufficiently small an integral curve of (39), (40) will in 
any finite interval of time run close to the integral curve through the same 
initial point of the system 

2h 


€ 


— F cos¢+b(1—6?), (41) 


a F sin 6—b(x+- vb?) (42) 
€ 

obtained by omitting the terms of O(e*) from (39) and (40). The approximate 

variational equations (41), (42) are therefore sufficient to determine the 

stability of the periodic solutions, as well as forming the equations of the 

first approximation for the transient solutions. 
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These variational equations may be deduced from Cartwright’s difference 
equations (5). Alternatively, if it be assumed that non-periodic solutions 
can be represented by allowing 6 and ¢ to vary slowly, so that 6 and ¢ are 
O(e), the variational equations may be deduced from the amplitude equation 
by a simple symbolic procedure. For this purpose the amplitude equation 
(23) is written 

Bexp(iw,t) = ¢(D)bexpi(w,t+¢4)+€A,v})" ve) b3 + O(e?), (43) 
any effect arising from variation of 6 and ¢ in the terms after the first on 
the right being of order higher than O(e). In the first term on the right set 

((D)bexpi(w,t+¢) exp(tw, f)C(iw,- D)b exp(id) 
= exp(tw, i)| C(iw,) +f’ (iw) D+ M(D) |b exp(id), 
where ./(D) contains D? as a factor, and operating on bexp(id) is assumed 
to give terms of higher order than O(e). We then have 


C(D)bexpi(w,t Ld) = expi(w,t : )| C(iw, )b - L'(iw,)(b + ibd) | 


within O(e?). Within the same order ¢’(iw,) may be replaced by €’(7) 2 
and on substituting back into (43) and separating real and imaginary parts 
the variational equations (41) and (42) are obtained. This method does not 
give the exact equations (39) and (40), but it may be verified by direct 
substitution that if b and ¢ satisfy the approximate equations the differen- 
tial equation for v will be satisfied within O(e*). 


12. The variational equations 
By a further change of time scale the variational equations may be 


brought to the form i, F cosdé-+-b(1—b2) (44 


bd F sin d—b(xa+vb?). (45) 
b and ¢ are taken as polar coordinates on a plane with (b,,5,) as cartesian 


coordinates, so that if P isa representative point on an integral curve, OP 
may be regarded as the representative vector of the fundamental oscillation 
of v. Since 6 and ¢ vary only by O(e) in the period 27/w,, the non-periodic 
solutions for v are represented as nearly sinusoidal oscillations of slowly 
varying amplitude and phase. 

The singular points of the system represent the periodic solutions and, 
when stable, give the synchronized oscillations of the physical system. 
Stable limit cycles represent combination oscillations in which free and 
forced oscillations are present simultaneously. Other integral curves repre- 
sent transient responses of the physical system, which, apart from possible 
unstable limit cycles, must approach either a stable singularity or a stable 


limit cycle as t + %; as is evident since 6 is negative for b 1+14F, i.e. the 
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integral curves cross any sufficiently large circle on the (b, ¢) plane inwards 
as t increases. Thus, however excited, the physical system settles down 
ultimately to a synchronized oscillation or to a combination oscillation. 
Since the equations are unaltered if the signs of v, 2, and ¢ are reversed 
it is only necessary to consider positive values of v, and this is in fact the 


case since v = an. 


13. Distribution of the singular points on the (b, d) plane 

The number and radii of the singular points for any values of F, x, and v 
are shown on the resonance curve diagram. Their positions on the (5, ¢)- 
plane are most easily obtained as the intersections of the curves on which 
h and @ vanish. The first of these has the equation 

F cosdé = b(1—6?) 

and depends only on F. It therefore has exactly the same form as in the 
van der Pol case and need not be described in detail. It has a double point 
when F? = 4, has two separate loops when F? < 3, and a single loop 
when F” > 3. 

The second curve ¢ = 0 has the equation 


F sind = b(x-+ vb?). 


This may be rearranged as 


F —}sin 6 b I. ik -b( “| 


which becomes F cos? = B(1—f?) 


if 7 =F || “| 8 » || |, p=db+de. 


Thus for « < 0 it has the same form as a 6 = 0 curve turned through a 
right angle in the negative sense. It has a double point on the negative 
b,-axis when.F? F*y/x3 = #, it has two loops when 0 <.F? < 4 and 
one loop for 7? > 4. When x > 0 it has a single loop above the 6,-axis. 

At some distance from the origin the direction of the integral curves 
as f increases is inwards and clockwise, cutting the radii from the origin at 
an angle y, given by tany = v. Within the curve ¢ = 0, when it has a 
single loop, the direction is anticlockwise; when it has two loops the direction 
of the integral curves is clockwise again within the inner loop. When curve 
b = 0 has a single loop the direction of the integral curves within it is out- 
wards from the origin, 6 positive; while if it has two loops, b becomes 
negative again within the inner loop. 

If we follow a resonance curve, i.e. if x is varied with F and v fixed, the 
( curve changes through its complete sequence of forms, the singu- 
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larities moving round the fixed § = 0 curve. The two curves have always 
at least one intersection other than the origin. A second-order singular 
point occurs when the curves are tangential, such a singular point corre- 
sponding to a point where the resonance curve crosses &. A triple singular 
point occurs when the two curves have contact of the second order. In 
this case the singular point corresponds to a point on the resonance curve 
diagram at which a resonance curve is tangential to é. 
The sequence of forms of the 6 = 0 curves is shown in Figs. 3 and 4. 


b, 











Fic, 3. The (6,¢)-plane for v 1, F? = #;. The broken curve 
is b 0. The continuous curves are the d 0 curves for differ- 
ent values of x, the value of x being marked on each curve. 
14. Character of the singular points 
The variational equations in cartesian coordinates are 
b, = b,(1 b?)4 b,(x 1h?) — F, 
b, = b,(1—b?)—b,(x-+-vb?). 
If (b),¢,) are the polar coordinates and (5,9, 699) the cartesian coordinates 
of a singular point, while (B,, B,) are cartesian coordinates of a general 
point referred to this singularity as a new origin we may transform the 
variational equations to the form 
B, P(B,, B,), 
B, = Q(B,, B,), 


where P and Q are polynomials of the third degree. 
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LVS b, 
ular 
rre- 
lar 
In 
iTve 
Fic. 4. Similar to Fig. 3, but with v 2, 2° z 
lf the first-degree terms are 
B, = pB,+qB,-+..., 
B, = rB,+8B,+..., 
we obtai 2 
" _ p= l be t 2vb 19 bo 2b*,,, 
q = x+vbi+ 2vb5o ~ 2D 19 Deo; 
r — 2 —vb? — 2b 19 boy — 2vbio, 
Ss 1 —b§ —2vb19 dao 263... 
The characteristic equation 
es 
ol \?—(p+s)A+ps—qr = 0 
he becomes A2—2(1—2y)A+- E(x, y) = 9, 
where y = 6? refers to the singular point, and 
6 (x,y) = (l—y)(1—3y)+ (4+ y)(a+3y). 
Thus the singularity is a col if (x, y) is negative, i.e. if it corresponds to 
a point within é on the resonance curve figure. If it.corresponds to a point 
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outside &, then &(x, y) is positive and it is a node or focus, stable if 21 —] 
is positive, i.e. y > }, and unstable if y < }. 

The singularity is a node if the discriminant of (39) is positive, a focus 
if the discriminant is negative. The discriminant is 

(1—2y)?—é (2, y), 
which may be written 
[| A(x, y) P?—E (x, yJE(0, 0), 

where A(x, y) = 0 is the polar of the origin with respect to 6. Thus the 
discriminant vanishes for singularities represented in the resonance curve 
diagram by points on the tangents from the origin to 6, which meet & on 
y=tatx = —v+},(1++v?). The discriminant is positive for singularities 
represented by points between these tangents, such singularities are there- 
fore nodes. We thus obtain the scheme of singular points shown in Figs. | 
and 2. Only those parts of the resonance curves which are outside & and 
above y = } represent stable and therefore physically realizable oscillations. 

When there is no stable singularity there must be at least one stable limit 
cycle representing a combination oscillation, but the general consideration 
of limit cycles is rather involved and will be reserved for another paper. 

The curve 6 = 0 is the contact locus for circles with centre at the origin, 
and the points of any limit cycle at extreme radii from the origin must lie 
on this curve. When a singularity corresponds to the maximum of a 
resonance curve it is at the maximum radius of this locus and hence no 
limit cycle can enclose it. If it is the only singular point, then there can 
be no limit cycle, and the corresponding periodic solution of the original 
equation is its only stable solution to which all other solutions approach 
as t—o. If three singularities exist, it is possible that in some ranges of 
the parameters a stable limit cycle may surround the unstable focus. 


15. General remarks and conclusion 

The differential equation considered is of interest from two points of view. 
Physically it gives a better approximation to the behaviour of real oscillators 
than the van der Pol equation. Unsymmetrical resonance curves resembling 
those shown in Figs. 1 and 2 are in fact obtained experimentally (6). 
Mathematically it shows in the first approximation the frequency deviation 
associated with the presence of higher harmonics, and the first approxima- 
tions for both the free and forced oscillations cannot be obtained without 
considering the second harmonic. 

Consequently, to obtain the equations of the first approximation by the 
methods of Kryloff and Bogolinboff or by Cartwright’s difference equation 


the calculation has to be carried a stage farther than is necessary in the 
case of van der Pol’s equation. 
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I The method used in this paper gives the exact periodic solutions as con- 
vergent series, convergence being established directly by a comparison 
Cus series of positive constants, the error due to using only a finite number of 
terms being dominated by the appropriate remainder of the comparison 
series. If convergence is assumed, the equations of the first approximation 

are obtained more directly. 

Greaves’s method for the free oscillation gives the exact solution, but 
the convergence is established indirectly without any estimate of the error in 
res retaining a finite number of terms. It requires modification when applied 
on to the present equation and, like the other methods mentioned, has to be 
Lies carried a stage farther to obtain the equations of the first approximation. 
we. Both methods derive from Lindstedt to the extent that secular terms are 
I avoided in the calculation of the successive orders but the selection of the 
nd ‘steady solution’ of the present method seems more direct than Greaves’s 
ns. choice of integration constants, when it is not very obvious that a different 
nit choice would not lead to a different solution. 
on Finally, it is evident that the solution in powers of B which tends to 

zero with B must give the unstable oscillation of smaller amplitude when 
in. w, isnear to 1, though when w, is not too near to | it may have an interval 
lie of convergence extending into the region of stable oscillations, y > 4. It 
e could be recovered from the more general solution by a reversion of the 
no amplitude equation to develop the fundamental in powers of B. The exact 
an interval of convergence will be determined near resonance by the branch 
al point of 6, considered as a function of B represented by points on the lower 
ch boundary of &, on the resonance curve figure. 
of 
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SUMMARY PITTSBURGH, PA! 


In this paper relaxational techniques are applied to the general case of steady 
laminar motion of an incompressible viscous fluid past a stationary cylinder: that is, 
to motion at speeds such that neither inertia nor viscosity can be neglected. The 


soverning uation is ; 
governing equation 1 ucjcxr—ve ey—vV21C 0, 


where V2 = c2 éx?-+e2 cy*, u and v are the component velocities, v is the kinematic 
viscosity, and € (the vorticity) cv cx—Cu/ey. It must be solved in conjunction 
with the equation of continuity 

CU ,CX=-CU,CY 0, 


which permits the introduction of a stream-function ub such that 


u ous /ey, v — cys Oz, r4 = — Vu. 


The numerical computations relate to a circular cylinder, but the methods are 
applicable to any shape (an initial conformal transformation changes the independent 
variables from 2 and y to a and 8, the irrotational velocity-potential and stream- 
function for flow past the specified cylinder). The flow-patterns (contours of y and 
{) change as the ‘Reynolds number’ R increases; but an introduction of variables 
involving R makes the change relatively slow, and thereby (e.g.) the accepted 
solution for R 10 is made a good starting assumption for R = 100. 

Fig. 6 relates computed values of the total drag with experimental and other 
theoretical estimates. 


1. Introduction. This paper treats two-dimensional (laminar) motion of 

an incompressible viscous fluid in the most general case—viz. when neither 

inertia nor viscosity can be neglected. The governing equations are the 

equation of continuity ‘ ‘ 
. du, ev, éw 

+7 +—=0 (1) 


ox Oy @& 


and the dynamical conditions 





a ~\5 < : slp, Y,Z)+vV*(u, v, w), (2) 
plex dy ez 


(Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 2 (1955)] 
5092.30 K 
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in which 
u, v, w are the components of velocity, ) 
X,Y, Z are the components of body-force, 
p is the ‘mean normal pressure’, 
p is the density and (3) 
v is the ‘kinematic viscosity’ of the fluid (both taken 
here as constant), and 


V? stands for é?/éx?+é?/éy?—< 


P 


In two-dimensional motion w = Z = Oand u,v, X, Y, p are independent 
of z, so (1) reduces to 
cu cl 
nih == 0 (4) 
CL cy 
and (2) to 
C c C 1] < C — " k. 
a eee Oy (u,v) = —- »—|p+(X, Y)+rV*(u, v), (5) 
ct Cx cy plox cy 
VY? now standing for 6? ex? +67 Cy". (6) 


We postulate that the body-forces are conservative so that 
oX oY 


CY Cx 





0, (7) 


and on that understanding, having regard to (4), we eliminate p from (5) to 
obtain for steady motion (independent of t) 
[wé/extveey|f = rV%Z, (8) 
where VY? has the significance stated in (6) and 
¢ (the vorticity) = ¢v/éx—éu/éy. (9) 
2. In relation to plane two-dimensional motion (4), (8), and (9) have 
to be satisfied in conjunction with appropriate boundary conditions. This 
paper treats in detail flow past a rigid cylinder (with axis parallel to Oz) 
of a stream which otherwise (i.e., in the absence of the cylinder) would 
have uniform velocity U. When, as here, the cylinder is kept stationary, 
the conditions to be satisfied at its surface are 
u v 0). (10) 


Other conditions (at infinity) will receive attention later. 


3. Even when thus reduced to (4), (8), and (9) the general equations 
have hitherto proved intractable, except by approximate methods and as 
relating to fairly small velocities. High-speed solutions have been attained 
only by the introduction—by L. Prandtl in 1904—of assumptions based 
on the notion of a ‘boundary layer’ and of a ‘wake’ within which the 
effects of viscosity are confined; and even so it is necessary to postulate 
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the distribution of the pressure on the cylinder, which strictly should 
emerge as a result of computation. The only treatment known to us which 
dispenses with this postulate (1) relates to rather slow flow past a circular 
eylinder.t It has some points of similarity with our relaxational treat- 
ment (e.g. its evaluation of the stream-function y at discrete nodal points 
of a square-mesh net). 


4. Here, too, flow past a circular cylinder is discussed, for the reasons 
i) that both in theory and in experiment this shape has received more 
attention than others and (ii) that it is sufficiently ‘bluff’ to exemplify 
difficulties which such shapes may oppose to computation. Actually an 
initial step in the relaxational treatment makes the shape a matter of 
relatively small concern: namely, a conformal transformation which 
changes the independent variables from 2 and y to a and 8, the velocity- 
potential and stream-function for irrotational steady flow past the given 
cylinder. Thereby the field of computation is transformed into an infinite 
plane containing a rectilinear slit, so computation can be effected on 
square-mesh nets having no ‘irregular stars’: the shape affects them only 
in that the transformed equations involve h, the modulus of transformation. 

With a view to the numerical computations, all quantities are made 
‘non-dimensional’; and in consequence U (the velocity at infinity) appears 
ina numerical parameter R=ULW (11) 


the Reynolds number of the motion) conjoined with v and L, a representa- 
tive dimension of the inserted cylinder. A further transformation which 
replaces 8 by 8” = SR! gives to the equations forms such that a solution 
found for some particular speed U, can be made a starting assumption 
from which, with relatively little computation, the solution for another 
speed l’, can be derived. In sections 14-16 yet another transformation 
(devised by Allen) is employed to derive equations which, as involv- 
ing exponentials, are not closely represented by the customary approxima- 
tions in finite differences. 


5. Results are presented in Figs. 1-7, of which their legends provide 
sufficient explanation. Figs. 1-5 exhibit, by contours of the ‘non-dimen- 
sional’ stream-function (%) and vorticity ({), the general characteristics 
of the flow when R = 0, 1, 10, 107, 10%. Fig. 6 compares computed values 
of total ‘drag’ with experimental and with other theoretical estimates. 
Fig. 7 shows how the computed pressure-distribution alters with Reynolds 
number. 


+ Another treatment, also for fairly slow flow past a circular cylinder, has recently been 
reported by Kawaguti (2). 
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2. Stream-function (ys) and vortieity (¢”) for Reynolds number R = 1. 
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Fic. 3 (a). Stream-function (100js”) for R 10. 








Fic. 4 (a). Stream-function (100%”) for R = 100. 











Fic. 5(a). Stream-function (100%”) for R 1000. 
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Fic. 3(b). Vorticity (62-52) for R = 10. 


“gp 








Fic. 4(6). Vorticity (62-5f”) for R = 100. 








‘1G. 5(b). Vorticity (62-5f”) for R = 1000. 





D. N. pe G. ALLEN AND R. V. SOUTHWELL 


log Cp I —— Allen & Southwell (theoretical) 
2 Mm ——— Lamb & Bairstow (both theoretical) 
° Southwell & Squire (theoretical) 
ID --------+- Thom (theoretical) , also 
\ Relf (experimental) 











Fic. 6. Drag-coefficient (C,) as a multiple of 49U2L. 








O° : 4 90° : 180° 


Fic. 7. Pressure (p’) as a multiple of }pU?. 
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6. In this connexion a word should be said about stability. It is the 
essence of the relaxational technique that it starts from solutions which, 
being inexact, would require body-forces for their maintenance, and there- 
after systematically corrects the flow-pattern until the body-forces have 
been ‘liquidated’ (rendered negligible). Such treatment, though it does 
not contemplate instability, will normally detect any tendency of a solu- 
tion to diverge, and in this way will indicate the occurrence of instability, 
though it cannot precisely determine the point of transition. It seems 
worth while to record that in this problem the flow appeared to be stable 
for R = 10, but a distinct impression of instability was gained in the 
computation for R = 100; for (Goldstein et al. 3, p. 419) ‘the value of R 
at which the unsteady régime commences . . . is probably about 50.7 

The instability entailed no computational difficulty: that is to say, 
steady régimes could be computed for R = 100 and for R = 1000 which 
in experiment would not be realizable because the smallest disturbance 
would upset them. 

7. The governing equations. For two-dimensional flow the governing 
equations are (4)-(9), and the conditions (10) have to be satisfied at the 
boundary of the inserted cylinder. The relation (4) permits expression 
of uw and v in terms of a stream-function % by 


u = Ob/ey, v= —Oyp/ex, (12) 
and tuen, according to (9), f= —V%% (13) 
where V2 has the significance stated in (6). At the boundary of the inserted 
cylinder % must satisfy conditions derived from (10)—viz. 
oy/cx = 0, Oys/Cy = 0. (14) 
As ‘conditions at infinity’ we shall assume that 


> Uy, sothat (+0. (15) 


8. Reduction of the equations to ‘non-dimensional’ form. Using L 
to denote some representative dimension (e.g. the diameter) of the cylinder, 
and U’ to denote the velocity at infinity, we now write 

x Le’, y= ly’, «= Uw, v=Ur'’, = UL’. (16) 
Then, according to (13), 


L 


oO 


Cc’, where —Z’ = Vy’, (17) 


TT 


Kawaguti (2) found no evidence of instability in his calculations for R = 40. 
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and according to (8) 


R(w 4 v=) = Vy’, (18) 
Cx oy 
where R (the Reynolds number of the motion) = UL/v (11) bis 
and 2 = 07 /éx"2+ 6? /dy"2. (19) 
Also, by (12) and (16), 
u’ = or’ /ey’, —v’ = dp’ /éz’, 


so the boundary conditions (14) and (15) become 
u’ = 0, v 0, at the surface of the inserted cylinder, ) (20) 
u’ = 1, v’ = 0, far away from the inserted cylinder. | pi 
9. First change of independent variables (to avoid ‘irregular 
stars’). We can avoid ‘irregular stars’ in the relaxational computations 
by changing the variables from 2’ and y’ to a and 8, the velocity-potential 
and stream-function for irrotational flow past the cylinder under discus- 
sion.t Far up-stream 
x—>2x’+constant, B>y’, (21) 
and on the surface of the cylinder (and in the plane of symmetry) 
p=0. (22) 
Here « and £ are conjugate plane-potential functions such that («+ if) 
is a function of (x’+iy’). Accordingly 


Ca C c é 
ae, (23) 
da’ Oy dy’ oa 
- »_ [ex\2  féx\? /ap\?. (apy? 
and writing h? se a (: 4 * 4. ad (24) 
Cx cy 6x ey 
é Cx @ OB Ox 0 OB 2 
oie ges, 2612s 
Ox Cx’ Ga Ox’ OB cy oy’ Oa ey’ OB 
therefore V'? = h*{6?/é02+ 62/87] = h?V2g (say), 
Af? o - ¢ 95 
, oe Ace 0 « ) } (25) 
and uw’ —4+7'— =h? bi. A } 
Ox cy 6B dx Ga Op 
Consequently (17) transforms to 
—C’ = hVigy’, (26) 
and (18) transforms to 
ed’ Ol’ ee’ LC" - . 


eB ex Ca Op 
t This device was employed by Thom (1). Kawaguti (2) employs an iterative process 
generally similar to Thom’s, but a different transformation (into a finite rectangle). 





Th 


alt 
‘b 
th 
tré 


? 


ar 


Ww 





bis 


19) 


20) 


ns 
ial 


us- 








MOTION OF A VISCOUS FLUID PAST A CYLINDER 


The transformed boundary conditions are 


; ous’ ‘ , ) 
ys’ = —— = 0 on that part of the a-axis (8 = 0) which 
c 
corresponds with the inserted cylinder, 

mA + (28) 
yb C 0 (by symmetry) on all other parts of the a-axis, 
ous’ ous’ = a ’ 

->0, —-1, 0-0 as (a?+ 8?) > 00. 

Ox ep J 


10. Second change of variables (to facilitate approximate treat- 
ment). The product terms in (26) and (27) imply that the flow-pattern 
alters with the Reynolds number. But it is evident, even when we envisage 
‘break-away’, that the a-gradients of %’ and ¢’ will not be large, whereas 
their 8-gradients may attain high values; and on that account a further 
transformation is advantageous. 

If 8, &’, Z’ are replaced by f’, %”, (”, where 

B= Rp", W=RW, C= RY, (29) 


(26) is transformed to 





—C” = h?v"y”, (30) 
ne Fa] ” Fai ” ary" a ” , 
and (27) to v"ar 5. Sm. Ba de (31) 
dx 6B” 6B” ba 
] 1 @ co? 
where Vv"? = — V3, = — a 32 
R ~~ Reo’ op” (32) 
Also from (27) and (28) it follows that 
a orp" = 0 on that part of the a-axis (8” = 0) which | 
c 
corresponds with the inserted cylinder, 
sn Dee ; 33 
ip ¢” = 0 on all other parts of the a-axis, “_ 
° yn 
oY 0, © 51, 77-0, as (Rat-+p") > 0. 
Cx ep J 


Thus R now disappears from the equations, excepting as it enters into 
V"?; and on the assumption that the derivatives of %” and ¢” with respect 
to « and to 8” are comparable, when R is large a close approximation to 


(32) is we . osjapNe ‘ 
V"s = 9*/08"8, (34) 
which makes the distribution both of %” and of ¢" independent of R, and 
thereby greatly reduces the labour of a relaxational treatment. This aims 
at systematic elimination of residuals which express the errors of a trial 
solution; and now the errors entailed when the solution for R = 10 (say) 
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is taken as a trial solution for R = 100 are small enough to require but 


little adjustment. Then the solution for R = 100 may be utilized, similarly, 
as a trial solution for R = 1000; and so on. (R may be either increased 
or decreased in successive solutions. Our sequence was Rk = 1000, 100, 
OG. 4, 30.) 


11. Introduction of the relaxation technique. We now describe the 
application to our present problem of the relaxational techniques which 
have been explained in earlier papers. They are not required for the 
transformation of section 9 in relation to a circular cylinder, since the 
known solution can be utilized. It is 


ro l \ 
x ti 
: | 4(x'2+-y’?)| 
wee ee P 
B= vl — Terry wi 


1—8(a’2—y’2) 

16(a’2-+-y'?)? J 

when Ox, Oy pass through the axis and when L—the representative 
dimension—is the diameter of the cylinder. With a use of these expressions 
the transformation is easy (Fig. 8). 


ty 


Contours of a 





Contours of p 

















Fic. 8. 


12. Hereafter we shall give to B, %, [ the meanings which in section 10 were 
attached to B”, b", ¢”. On that understanding (30) will now be written as 
ou 1 ae C 
ep? R eo? 





al 





een (36) 





ut 
ly, 
ed 


0 
’ 


he 
ich 
he 


he 





ns 
} 
! 
re 
6) 





MOTION OF A VISCOUS FLUID PAST A CYLINDER 


and (31), after some rearrangement, as 
aC Fae: l {or Rove el) 0 (37) 
Bah. AF 1 he RR, 2. Le nin ms 2 i 
op? © 


ep R\ ex? OB eal 
It is not necessary to rewrite the boundary conditions (33). 


Ox 





9 
3 Oo 1 
. ——_____@—____—__# 
\4 
Fie. 9. 


For a relaxational treatment, (36) and (37) must be replaced by approxi- 
mations in finite differences. Since (36) is linear, it presents no difficulty: 
in the notation of ‘residuals’ (4) its approximation is 


- ] m . ‘ 
(Fy)o fot Yy— 2g Rat bs— yo) + aX(C h*), = 0, (38) 


the suffixes 0, 1, 2, 3, and 4 denoting points so numbered in Fig. 9; 


Fia. 10. 
and from (38) it is easy to deduce the standard ‘pattern’ shown in Fig. 10, 
for the effect on the F,’s of an increment Ay = 1 at 0, Fig. 9. 
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13.7 Equation (37) presents a harder problem, and being non-linear 
yields a ‘pattern’ which alters as the work proceeds. But it has been 
shown in earlier papers that inaccurate patterns can be used to liquidate 
residuals, provided that an exact account of these is kept: and here a 
simple pattern represents sufficiently a relation of rather cemplicated 
form. 

We contemplate a ‘two-diagram technique’ in which y and ¢ are modi- 
fied alternately. At the end of a stage of {-relaxation the F,,’s will have 
altered in accordance with the last term of (38), and the &%’s must be 
altered so as (temporarily) to liquidate them: then, with the altered values 
given to %, the (’s must be modified in accordance with a finite-difference 


approximation to (37). This we proceed to derive. 


14. The two quantities which together make up (37)—namely, 
et opal 
(a) = an — 
cB? éa 6p 
p (39) 
oC cus el 
and e —.— ee 
Ca* OB Gx 5 


—can be treated similarly in 
Writing 

Cus ( 

—, —+ K—, 

Cx cp? ep 

we have as the solution of the second of (40) when « and A are invariant 


xl = AB+ P+ Qe-*F, 


(40) 


P and @Q being constants of integration. Then, 2, 


adjacent nodes on a §-line of the o—8 net (so that 


B. = Bo+a4, B, = Bo—a 


when a, as is usual, denotes the mesh-length), we have 


0 and 4 denoting 


K(Co— Lo) Aa-+- Qe-*Po(e-*a_— 1), 
K(C4— Go) Aa Qe —Bo(exa 1), 
therefore Kje*4(Co—Lo) + Ca— So) Aa(e**— 1). 


We thus have an expression for A—i.e. for (a) of (39); and a like ex- 
pression may be formed in the same way for (6). The values of « ( 
and of A(= — Réy/é8), the corresponding quantity in the expression for 


(b), will of course not be known until the solution has been completed: but 


Cus Cx) 


they may be treated as known when ¢ has been temporarily determined, 


+ It should be recorded that the technique described in Sections 13—16 is entirely due 
to Allen (R.V.S.). 











and 
diffe 


We 
finit 


nec 
an 

acc 
ter! 


sm. 





near 
been 
date 
re a 
ated 
odi- 
lave 

be 


lues 


“nce 


39) 


(a). 


40) 


ing 


jue 














143 





MOTION OF A VISCOUS FLUID PAST A CYLINDER 
and values appropriate to the point 0 may be computed from finite- 
difference expressions of normal form: viz. from 


» 


2a = f,—ys, 2ta = — R(b.—y,). 
We then have as an expression for the typical ¢-residual, defined as the 
finite-difference approximation to a? x [left-hand side of (37)]: 
(F; ( Kg ajere"(Co a Co) + Cs— So} eon 5) + 
' cm , ¥ ¥ A 
+Agate*a(l, — Lo) +-L3—Co}/R(e*—1). (41) 
It is the latent exponentials in the solution, revealed in (41), which 
necessitate this special treatment. Except within a very narrow range, 
an exponential is not closely represented by a polynomial; and on that 
account the customary expression in finite differences for the second 
term in (39), (a) or (6), has insufficient accuracy when «x, and/or A, is not 


small.) 


15. Regard must be paid, in liquidation, to the boundary conditions 
(33). section 10. Rewritten in accordance with section 12, and with 


2 


. L 4 
1 
| 
! 
' 
e 


WwW 





4 
Fic. 11. 


derivatives replaced by their approximations in finite differences, these 
become 
at all nodes on the a-axis except the ‘slit’ (ie. that part which } 
corresponds with the inserted cylinder): 


us —— C = @: 
at nodes far away from the ‘slit’ (where «?+-8? + 0): (42) 
ys > B, C0; 


at nodes on the ‘slit’ (typified by 0, Fig. 11, in which the node 4 
is ‘fictitious’): 


by = 0, 


te = Yu 
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Only the last of (42) needs special notice. Combined with (38) of 


} 


section 12 (which here reduces to 


a. 
fo T b4- j2 79 = 0 
7) 
because os, = wy = %, = 0), it becomes 
Lo 2hé Ws./a*, (43) 


so permits, at the start of each stage of ‘{-relaxation’, a specification of f 
at all nodes on the a-axis. 


16. Except in its use of ‘patterns’ which alter as the work proceeds 
and which call for a use of exponential tables, the relaxational procedure 
follows normal lines; ‘residuals’ of the types Fy, and F; being liquidated 
alternately, in stages. Small changes made in ¢-values were found to alter 
#-values largely, and on that account the F;’s were liquidated more or 
less completely ; but the stages of ‘-relaxation’ were made short because 
the F,’s became smaller almost automatically by reason of the changes 
made in the Z’s. 


17. When acceptable distributions have been found for % and ¢ as 
functions of a and 8—that is, in the notation of section 10, for %” and ¢" 
as functions of « and £”—the transformations (29) will yield %’ and Z’ in 
terms of « and f, which have the expressions (35) in terms of 2’ and y’. 


” 


Contours of %” and ¢” can then be plotted on the rectangular (x’, y’) net. 
Figs. 1-5 were thus derived. 

For Figs. 6 and 7, expressions for the boundary tractions were required. 
It can be shown (cf., e.g., (5), sections 325-6) that the normal pressure 
on the circular cylinder is 


-Pnn (Say) p—2vp cos 29 — © 1. ypsin? 24| ,— | 
7 





OxCYy ox" 
and the tangential traction (upstream) on the — is t (44) 
2 Oud 
Png (SAY) = vp cos 26 a. 5 “lu+2 vp sin 26 —— 
c ey? Ox* Cxcey 3} 


at a point whose angular distance from the upstream stagnation-point is @. 





At points on the boundary {where ¢ = oe ea b 4 —0, sof = h?o 
Ca = 6a" op? 
ous Pox Op Teche { (Ox\? Cax\*) Oy 
exey ex® eB h® ex cy \\ex ey) Jéaep’ 





7s Crys _ rly ale) | —g Oa Ob  ,Axla Op 


of at = "| COR y eB x 
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and p, the ‘mean normal pressure’ (section 1), is related with p,, the 
‘static pressure at infinity’, by 


Ps—pP = 4ehe( SS) + [ <a. (45) 
ras} 


Consequently "es 
—Pnn * p.—pv? | Ob" da 
(46) 


me ’ 
Torn 
Png = pU*C"/Rt 
at a point on the boundary (where, by (35), « = 2a’ = —cos@, B = 0). 
From (45) and (46) the ‘drag’ (Fig. 6) and pressure-distribution (Fig. 7) 
were computed: Fig. 6 by integration of 


—(p,,,8in 0+>p,,,, cos @). 


18. This investigation, started in 1944, was frequently interrupted on 
account of pressure of more immediately urgent problems. An interim 
account of it was presented at the International Congress of Applied 
Mechanics (London) in 1948. 

Work done since 1948 has been aided financially by a benefaction which 
the Worshipfu' Company of Clothworkers made to Imperial College in 
1945 for the promotion of relaxational research. We gratefully acknow- 
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ROTATORY AND LONGITUDINAL OSCILLATIONS OF 
AXI-SYMMETRIC BODIES IN A VISCOUS FLUID 


By R. P. KANWAL (Indian Institute of Technology, Kharagpur) 
[Received 29 April 1954] 


SUMMARY 


The Stokes stream function is used to obtain the perturbations arising from the 
slow rotatory and longitudinal oscillations of axi-symmetrical bodies in an infinite 
mass of viscous fluid which is at rest at infinity. The bodies considered in this paper 
are a sphere, an infinite circular cylinder, a prolate spheroid, an oblate spheroid, and 
a circular disk. The case of the circular disk is deduced as a limiting case of the 
oblate spheroid. The paper has been divided into two parts. Part I deals with the 
rotatory oscillations and Part II with the longitudinal ones. 


1. Introduction 


THE perturbations arising from the longitudinal vibrations of a sphere 
along a diameter in an infinite mass of viscous fluid at rest have been 
considered by the author (1) by applying the idea of periodic singular points, 
and the results are found to agree with those found by Lamb (2). The 
rotatory oscillations of a sphere about a diameter, in an infinite mass of 
viscous fluid at rest, have been discussed by Lamb (2). The object of this 
paper is to utilize the Stokes stream function to obtain the motion of the 
fluid due to the rotatory and longitudinal oscillations of certain axi-sym- 
metric bodies in a viscous fluid. The slow motion, in which the inertia 
terms in the equations of motion are neglected, is considered in the case 
when the bodies are in the form of a sphere, an infinite circular cylinder, 
a prolate spheroid, an oblate spheroid, and a circular disk. The rotatory 
oscillations are about a diameter in the case of a sphere, about its axis in 
the case of an infinite circular cylinder, about their axes of symmetry in 
the cases of spheroids, and about the normal axis through its centre in the 
case of a circular disk. The case of the circular disk has been discussed as 
a limiting case of the oblate spheroid. The longitudinal oscillations are 
along the same axes about which the rotatory oscillations of respective 
bodies have been considered. Some of the results obtained agree with 
results already known, while others appear to be new. For spheroids it is 
found that we have to use spheroidal wave functions discussed by Stratton, 
Morse, Chu, and Hutner (3). The notation given by them will be used 
throughout this paper. 


[Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 2 (1955)] 
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2. Equations of motion 

Let «, 8, y be the general orthogonal coordinates and let the elements of 
length at the point («, 8, y) in the directions of a, 8, y increasing, respectively, 
he e, da, €,d8, and e,dy, such that 

ds? = e?(dx)?+ e3(dB)?+e3(dy)?. 

Let wu, v, w be respectively the components of the velocity in the directions 
of x, 8, y increasing. For motion symmetrical about an axis (4) we take « 
and 8 to be the general orthogonal coordinates in a meridian plane and y 
the azimuthal angle ¢, so that e, will be the distance from the axis of 
revolution. All quantities are supposed to be independent of ¢. The 
equation of continuity then takes the form 


- 


é C 
—~ (6,640) ~---—(é,¢, 0) =e ©, 1 
5a (20a) +55 (C10) (1) 


so that there is a stream-function % such that 
1 la 
é,u = — = a9 = mt. 4 (2) 
€ €p’ €, Ox 
This is true whether the velocity w round the axis is zero or not so long as 
it is independent of ¢. In the case when there is an azimuthal velocity w, 


we put 
I egw = Q; 
then £, », ¢, the components of vorticity, are given by 
1 éQ 1 @éQ 
> @g@g OB” Og, Ox’ 








and t= a 3 laclect aba O[ e ep — —| py, 
€; Cy | CX\Cg €y Cay, B\es es as 3 


ef @ 3 ‘ 
where D? — —* Pa eet 
@, €,| dale, e, Oa +ah- ey © 


The equations of motion give 


= (D* +5 e(&2, és) 1 (yf, D*p) | 2D e(h, es) _ vDp, 


ees 


€,€,e2 O(a, B) ng G(a,B) — €,€,€% O(a a 


which, if we neglect the second-order terms, becomes 








aj (Dv) = vDYp, (3) 


which is the equation for ws; likewise, the equation for Q is 
éQ 1 &(,Q) 


Ct gg O(a, 8) a (4) 
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(a) Rotatory oscillations. In this case 
u= 0, v= 0, egw = Q. 
Thus 4 = 0 and the equation (3) is automatically satisfied. The motion 
is given by the equation (4), which reduces to 
eQ 


— pl)?Q., (5) 


ct 
(b) Longitudinal oscillations. In this case 
1 ey l¢ 
eésUu = — => €é,¥ = —— >=,» w= @, 
Hence 2 = 0, the equation (4) is satisfied, and the motion is given by the 
equation (3), which now may be written as 


e 


> > ] 
D*{D* : 7 \¢ — Q, (6) 
v ot 
If 4%, and , be two functions satisfying the equations 
Dp, = (), (7) 
1é 
(D>— be }s = 0, (8) 
vot} ~ 


a solution of the equation (6) may be written as 
ob = w+. (9) 
Thus we have to solve the equations (7) and (8). The superposition of their 
solutions will give the required stream function. 
To satisfy the conditions at the surface of the body in this case we take 
the origin (2) at the mean position of the centre of the body. 
Part I: Rotatory OscrLLaTIoNs 
I. Sphere oscillating about a diameter 
3. Taking spherical polar coordinates R, 0, ¢ for «, 8, y respectively, 
we get . 
8 e, = I, ¢, = R, e, = Rsiné, 
and u = 0, v= 0, w = Q/Rsin?é. 


The equation of motion for harmonic oscillations of period 2z/c is 


eQ, , siné “( 1 @éQ, 

eRe i eee Me pices | ES Ge is 10) 

@R? ' R® 20\sind y = | 
where QO = 0, e, h? = —iolv. 


The solution satisfying the boundary condition at infinity is 





QO, = Ae-**R(1 4. }sint, (11) 
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and the angular velocity w is given as 


Ae “ te 
a, |] + —__]efot, 12 
~ R aR] (12) 
Applying the boundary condition at R = a, viz. 
o> w, er, (13) 
ih thag3 
we find 4a (14) 


4. The couple required to maintain the motion 

The tangential stress on the surface R = constant and in the direction 
of ¢ increasing is 

pw,(3+-3tha —h?a*) 


T : 
(1+itha) 


sin 6 et, (15) 





The couple G@ is thus given by 
3+ 3tha hia") , 


iot 16 
ltiha | ’ (16) 


: 18-8 
G= — 37H Wy 
which agrees with the result obtained otherwise by Lamb (2). 


Il. Circular cylinder oscillating about its axis 
5. For cylindrical polar coordinates we take a as z and B asr. Then the 
equation of motion for harmonic oscillations reduces to 
@#Q, 1dQ, . 
— —— —— — FQ, = 0, (17) 
dr? rdr 
where ke=ofv and Q= Q,e@. 
Its appropriate solution is given in terms of modified Bessel function as 
Q, = Ark,(vikr), (18) 
and the angular velocity w is given by 


_ AK (vikr) , 


tot (19) 
7 


The boundary condition at r = a, viz. w = w,e'™, gives 
Wa 
A =——_.. 20 
K,(vi ka) (20) 
6. The couple required to maintain the motion 
The tangential stress 7’ on the surface r = a and in the direction of ¢ 
increasing is given by 
T — Hw VikaK,(vi ka) | ing 


aie K,(vika) (21) 
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So the couple per unit length of the cylinder is 
9 Vi kaK,(vi ka) - 
K,(vi ka) 


G = —2rmyw,a iot 


III. Prolate spheroid oscillating about its axis of revolution 


7. In this case we use the prolate spheroidal coordinates defined by 


ztir = ccosh(a+if), 





€, = €, = C,/(cosh*a — cos*f), é; = csinhasinf. 
The equation of motion is = = vD*Q, 
where , 
2G é F 
a one ae 7 a ei < heise 5 )} 


Writing Q, e’ = Q in the equation of motion, we get 


DQ, = <0 = ik?Q,, 


a2 a8 P 5 
seams a —coth « os —cot — ik*c?(cosh?a — cos?8) |Q, = 0. 
da? op ox op 

Putting Q, = sinh «sin 8 S(8)R(a), 

cosha = &, cosB = n, 


equation (24) separates into the two following equations: 





eh re 2 
Afro 1) FR\ , {y_ -p0,0¢0 1 \p. 
ae\" 1) | \ tk czé — a | pal 0 


(23) 


(24) 


(25) 


(26) 


where A is the constant of separation. Equations (25) and (26) are identical 
with the equations obtained by Stratton and others (3) in the discussion 
of the prolate spheroidal wave functions. Such equations contain a third 
parameter m and have solutions for the suitably related values of the 
parameter in series of associated Legendre functions or Bessel functions 
of half order. In our case m is unity. Thus, for various characteristic 
values of A, there are ‘angular solutions’ S},(vi ke, 7) of (25) which are finite 
throughout the range —1 < » < 1 and are expressed as infinite series of 


associated Legendre functions in the form 


n= 


(27) 











where 
as 1 


Since 
S(8) 
appr« 
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where the prime indicates summation over even or odd values of n according 
as n is even or odd, and 


xD 








+1)}! {1(J+1) 
i” agi a(n Ls , leven 
3 any ~ GO 
a0 fl(n+ 2)}! {4(/+-2)}! 
n—I 2 ia 
mda agp fae 


n=1 
Since 2 is to be expressed ultimately as the sum of series of products 
S(8)R(«), the boundary condition Q + 0 as > 0 determines at once the 
appropriate ‘radial solution’ of (26). The function which satisfies this 
condition is R},(vike, €), which is given, for large values of vi kc, as 


ao 


(€2—1)8V(m/2vike&) S’ ind! (n+1)(n+2)K,,,4(vi keé) 





R?)(vi ke, €) = —— —" 0,1 
>’ d(n+1)(n+2) 
n=0,1 
(28) 
ated i{vi ke€—-40+2)7} 29 
Ni kee sine 
The complete solution of equation (24) is 
Q, =csinhasinB ¥ A, R3,(a)S1(). (30) 
1=0 
Therefore w= => A, R3i(a)Si(B)et (31) 
1=0 
and the angular velocity is 
= —*___ 9 A, B3(a) St,(p)et. 32 
csinh asin B Z 1 Rilo) Si) (32) 
The boundary condition requires 
w= we ata = ay. 
Therefore wycsinh aysinB = > A, R}(ax)St,(B). (33) 
1=0 
Using the orthogonal property of S1,(8), we have 
w,c sinh a» | sin’B S},(8) dB = A,q, Ri(x»), (34) 
0 
j <7 (n+1)(n+2) . 
wl Tre == 2 d! 
er G=3 > ea (35) 


n=0,1 
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7 +1 
To integrate | sin’8 S},(8) dB = | .(1—7?) Si() dn, 
0 -1 
where n = cos, 
we notice that Sin) = 2" dr P! .,(y), 
n=0, 


and assume the validity of the interchange of the operations of integration 
and summation. We have 
1 1 


; = 42 71 } lr = = j 2 71 s] = - 
J 4 | n )P} .4() ¢ n } Vi t()F “4 1(7) dy lo ise, 


(—4 forn = 0, 


So the equation (34) gives 


—4w,csinh a 
A, = ——* ° for l even 
39) R3 Xp) ’ (36) 


A, = 0 for 1 odd 





8. The couple required to maintain the motion 
The tangential stress 7’ on the surface « = a, and in the direction of ¢ 
increasing is given by 


r= »\2|=(2)\}. 


pes sinh xy 


20 


> A, Rix) S},(B) | 


eg| efet 
c(cosh? X%_ — COS“ *B)s Cx sinh « eae 





Ria: rs { Rii(a») 11 Ri(x9)} Si,(B) 


Ww cosh x sin . an 
HW A Xo | B , je (37) 


— ((cosh®a, - ¥y9 — cos?B)t | 3(cosh? % — cos*B)! 








The required couple G is given as 


7 
G= —e'al 2 mw, C? sinh?a, cosh x» ( sin?8 d8-+- 
0 
x 
Se 3 qj 2 { P23’ 1 
L Sarum, 8 sinh %0 2 { RPi(a9)/q, RF ax») } | sin®B S1,(8) dB 
0 
x 
= |—cosh ots 2 { RF(x9)/q, Rii(x»)} ]izpe9 0? sinh*a, e*, (38) 
0 


where a dash denotes differentiation with respect to «. 
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IV. Oblate spheroid oscillating about its axis of revolution 
For an oblate spheroid we introduce a system of coordinates defined by 


z+ir = csinh(a++7), 


o=y. 
We then get 
€; = €, = c, {sinh’a + cos?8}, €, = ccoshasinf. 
AQ 
: ; g : ed ‘ 
The equation of motion a vDPQ 
C 


transforms into 


9 9 


+} an tanh a— cot B= — ik*c*(sinh*a _ costs) 0, an 6. 
[ca cp Cafe | C} 
(39) 
where QO = 0, k? = o/v. 
> ing ° Y 
Petting Q, = cosh asin 8 S(8)R(«), 
sinha = €, and cosf = », 
equation (39) separates into the following two equations, 
if iS oe l ’ 
~ | (42-1) | +] A+ik*c2n? _——_ | 8 = 0, (40) 
dy| dy. : n?—1 
d dR ; 1 
£2.11) + |A—ik2c2é21.—-__|R = 0, 41 
‘el + Get | Tay | vie 


where A is a constant of separation. Equation (40) can be obtained 
from (25) by changing vik to ivik. The equation (41) can be obtained 
from equation (26) by changing vik to ixik and € to —ié. Therefore the 
solutions of the equations (40) and (41) can be obtained from those of the 
equations (25) and (26) by changing ,vik to —ivik and € to ig. Thus 
the angular solution is given by 

Sho(—tvik,n) = >’ fr Ph+si(n), (42) 

n=0,1 

f! are different in value from the coefficients d!, of 
the prolate case, but are obtained in the same way (5). The radial solutions 


where the coefficients 


are given by 


R}(—iwvi ke, t€) 
(1+-€?)*/{ar/(—2vi ke€)} S’ "fl (n+-1)(n+ 2)K,,43(vi ke€) 
7 : n=0,1 : (43) 
>’ frln+1)(n+2) 


n=0,1 
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The required solution in this case is 


Q = ccosh asin 8 s A, R3(a«)St(B)e, (44) 
1=0 
fies > A, Rix) S(Bye™, (45) 
i=0 
] . ; 
S 41 Bila) Sh(B)e™. (46) 


» = ——_——,, D 
c cosh asin B A 


The boundary condition gives 
w,ccoshaysinB = > A, R},(a»)S},(8). (47) 


i=0 
Employing the orthogonal property of S},(8), we get, as in equation (33), 


—4w,ccosha ; 
——iggew wt fee leven 


A,= 
3q, RY,() , (48) 
A, = 0 for lodd | 
= ~~ (n+1)(n+2) | pro 
where 1 2 he —_ (2n+3) (fn) . 


9. The couple required to maintain the motion 
T’, the tangential stress on the surface a = a, and in the direction of ¢ 
increasing, is 


€a| Oo [w 
T = 12 (~ 
ual, x ai 


_ __Heosh ay | F[secha Sn F(a) Shia) = 


c(sinh?a, + cos?B)*} éa| 1 7 





The required couple is given as 


7 


XL 


G= Ez cosh*x, > A; R(x») [ sin? §1,(B) dB— 
1 . 


0 


— sh. at latest tot 
-27c%w, cosh*a, sinh a, | sin®B ap|e' 
0 
@ , 
29 ~ R3 ( xX ) ‘ . ¥ 
= | 27uw,c* cosh®a, 0" — zw, C* cosh?ay sinh a, |e, (50) 
? Rela) * 
5 Lt A 1\%o 


where a dash denotes differentiation with respect to a. 


V. Circular disk oscillating about its axis 


The motion due to rotatory oscillations of a circular disk about the 
normal through its centre can be obtained from the motion of the oblate 
spheroid as a limiting case. If we take the expression of the function R3,(é), 
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the ‘radial solution’ found in the case of the oblate spheroid, near é = 0, the 
required expression is an infinite series of associated Legendre functions. 
The appropriate form of the function (5), apart from a constant factor, may 
be written as F(k, €), where, for even values of 1, 


Fh) = el S Ahan WE) +f 2 OEE) + 
2 rel 
oe (2) Pt, avi) — ie Sh(k, vig)) (61) 
m _ zag { GY! |? 
and €) — imfol—a TTT y]H| ’ 


while for odd values of I, 


A(k, é) = eons] fbn —1 Qui) + fs QM vig) + 
m=1l 





x l 
- »3 (E2=1) Pp, (vig) ie SiC, v8) (52) 


n=1 pP 
al —_ asp pt _ftRC—D}'V? 
and Hi wre SLT ° 


Having proved that A, = 0 for odd values of 1, we shall be concerned with 
the expression in (51). 
The expression for Q is now given as 


Q = ccoshasinB s Ay Fy(«)S} o(B)e™, (53) 
i=0 


4w,c cosh a» 


where Ag = — 
<4 9 ; 

3q; F(x) 

In the limiting case when a, > 0, A, takes the value 


4wC 
34a) F,(0) 


Ay —_— 


Proceeding as before, we get the couple on the oblate spheroid as 


x 
~ ae ; F5(a : bd acs 
G = ett) 240, c3 cosh3a { Hail) | _ sey c* cosh*a, sinh a, | . 
9 HWo 0 3 0 0 0 
= (Joy Fo(%9)) 


The couple in the case of the circular disk is given by the limit of G as 


% > 0, viz. 


= — F3,(0) , = 
Sew c8 SL) piot, (54) 
siti. >, garPe(0) 
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The values of F,(0) and F3,(0) are given as 





x ti1y)! 
F,(0) = (—1}r4] (1+ 2¢y 77) > hie yn fi 


n! 


n=0 


Rg 


a 9 
hong (n—4)! ™ 


9 


Pe me 
F,(0) = (—1) 2 . (—1)n+1\” DH 9)! pat pat . 


3 


o 


x 


+45 (—1yen 3)! eal 


= (n—2)!( -1)! p 


Part II. Lonerrupryat OscrtiaTtions 
VI. Sphere oscillating along a diameter 
The sphere is oscillating longitudinally along a diameter. The equations 
governing such a motion are 
D*4, = 0, 
] 
| pe- 
| i 
Taking the spherical polar coordinates R, 6, 6 and writing %, = wi, ei, 
be = ,e'™, the above equations reduce to 


A, oo 
a 


Orb a l a) . 


o_o a (56) 
6k? R? cé\siné c6, 
ey,  sindée/ 1 ébk ve a 
and = | —___ (— —*| hb, = 0, (57) 
oR? R? éé\siné 26, vs 
where h? = —ioa/v. 
The boundary conditions are 
br-g = —}w,a*sin26 e'*, 
cae a 
(= = —w,asin?6 et, 
OR] p-a 


u=v=O0 at infinity, 
where w,e'* is the velocity of the sphere along the diameter. 


With the behaviour of the motion at infinity in view, the solution of the 
equations (56), (57) is 


sin? 
%, = A—_., (58) 
Jy R 
wb, = Be-thR)] 4 x! | sin2@, (59) 
. | | ihRI 


|r \ ihR 


1 
Therefore y= (A Be “mn ried 5) sine ee (60) 
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The boundary conditions give 








; Wy 
A = {3+ 3iha—}h?a?} —_, 
piel - h? 
3 wy, ae 
B=- : 
2 th 
The velocity components are given by 
u 2 v a d 0 
= = o= — a 2 o> 
??sin 6 06 Rsiné éR : 


which when caleulated agree with results already obtained by different 
methods (1, 2). 


VII. Prolate spheroid oscillating along its axis of revolution 
As in Part I we introduce the prolate spheroidal coordinates a, 8, y such 


that z+ir = ccosh(a+7f), 


o¢=y, 
1 = €2 = C,/(cosh*a — cos’), e, = csinhasinf. 


é 


The equations of motion (7)-(8) are transformed into 





aes é e | ; 
en = 0, 61 
\éa2 ' ap? ~~ B- ay (61) 
| : 2 . 2(eosh2a — 22) 2 
th eaeen anti. «2 cot p| __¢?(cosh*a — cos*) J — 
1ox* cp” Ca ep) v et 

(62) 


Writing J, = ve, b = de’, and k? = a/v, equations (61)—(62) reduce to 


(a 2 é i 
oa x—— cot == @ 63 
\Ga? § op? Cx B: zit (83) 
and 

| ce? , oe? ] C e *7.9.2 12 9 ’ > 

— += —coth x — — cot B—.—ik*c?(cosh*a — cos*B) |, = 0. (64) 

Ou cp Ox op 

Putting 


us, = sinh asin 8 O(a)4(8), 

€ = sinha, n = cosB, 

equation (63) separates into the following two equations with A as the 
separation constant: 


d{,. 4,4), f{ ee , 
a\? al teal? = (85) 
d fies) 99\_. fy__ 1 \g _ 

ae") ae + \-Bay? = ® a 
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which are the particular cases of the associated Legendre differential 
equation. Thus the appropriate solution of (63), keeping in view the 
boundary condition at infinity, is 


ow, = sinhasinB > A, Q}..n(«)Pt+n(8)- (67) 
n=0 


The solution of (64), as already found in Part I, i 





ws, = sinh asin B2 B, R3)(a)S1,(), (68) 
0 

where ° S1,(B) _ > dn Pi + n(B) 

n=0, 
and 

(€2—1)*y (77/2v0 ke€) ’ ind! (n+ 1)(n+2)K,, , (vi ke€) 
R3(vi ke, €) ee — n “0.1 os 
S’ d'(n+1)(n+2) 
n=0,1 


The complete solution of the problem is 


y% = sinh asin s| > s An Qi. ,(a)Pi.,(B)+ > B, RY, (a) Sh(B) fe’. (69) 
n= l1=0 
10. Determination of the constants of integration A, and Bb, 
The constants of integration A, and B, can be determined from the 


boundary conditions at the surface of the prolate spheroid, viz. 
w, sinh a, cos 8 giet oe | 1 ex) 


“= — : 
(cosh?«, — cos®8)! ~ \eees OB) ana 





uw’, cosh ay sin B ih an 


v= Sl a 


(cosh?a, — cos*8)* \e, es Ga} 





which require 
(b).-0, = —}wyc? sinha, sin*B e*™, 
fe = —w,c? sinh a, cosh a, sin*8 e'™, 
\OX] x= a19 
where w,e'” is the velocity of the body along the axis of symmetry. 
Now ¢ and éys/éx are given as 


o=[ > A, sinh « Q} , ,(2)P}.,(B)sin B+ > B,sinh « R%(x)S}(B)sin Ble", 
n=0 
(70) 


2 =(> A {cosh a Qj. »(«)+sinh « Q}', ,(«)}Pt.. ,(8)sin B+ 


nt 
Cx 


> , Biooah x R3(x)+sinh « RYj(a)}S4(B)sin Be’, (71) 


where a dash ‘esis tient with respect to «. 
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We rewrite these expressions in forms which are suitable for fitting the 
boundary conditions at the surface of the body. For this purpose we 
expand the right-hand sides of (70) and (71) into associated Legendre 
functions. Let us introduce ears ) and F,,,(a) such that 


= Q}.,,(a)sinh « } 


and >) F,,,( “a. »(B) = sinh « R3(ax)S},(B) a 
0 J 


n 


(72) 


Equating the coefficients of the associated Legendre functions of the 
sarue order on both sides, we get 


F,,,( ») = sinh « R?,(«)d!. (73) 


The boundary conditions take the form 


juego? sinh?ay PB) = ¥ [An fulao)+ & BrFin(20)|Ptsn(B) 
n=0 


0 


w,c* sinh ay cosh x9 P3(8) — > A, finl%o)+ > B, Fi,n(29)| P} + n(B) | 
0 l=0 


n 


(74) 
which yield 
: ; lip 2 sinh2 = 0 
Af (a0)- > BF.,(a) = (wc? sinh?a, for n 
a" 10 forn > 0) me 
mea . (75) 
A, f’,(oo)-+ 3 B; Fr (om) = jw,c*sinhaycosha, forn = 0 | 
\0 forn > 0 | 
Eliminating A,, we get 
> Bit ® (x) fin(Xo — Fi n(%o)fn(%o)} 
a sinh ap{} sinh ag f;,(%)—cosh apf,(%»)} for n = 0, (76) 


10 for n > 0. 
The B, can be determined by solving this system of simultaneous linear 
algebraic equations. Tomotika and Aoi (6) have made some suggestions 
for the solution of a similar set of equations. In our case it is not possible 
to give similar expansions at this stage as the values of the coefficients d!, 
which have been tabulated to date are of little use to us here. 
The stream function is thus completely determined. 


VIIL. Oblate spheroid oscillating along its axis of revolution 
For an oblate spheroid the system of coordinates is 
z+ir = csinh(a+if), 
o$=y7; 


€, = €, = c(sinh®a + cos?8)}, €; = ccosh asin. 
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The equations of motion when transformed into these coordinates become 


“9 


9 
ce 


c c af ‘ 
+ —, —tanh «—— cot B—]y%, = 0, (77) 
ca” op? Cx ep, 
( e? c a ¢ C* ene 2p) 2 | - 
—5 +=53— tanh a——cotf 5 —— (sinh*x + cos*8)—ip. = 0. (78 
\Ga* op? ox cB ét} 


Writing %, = ¢,¢'%, by = de’, and k? = a/v, we get 
/ g2 2 
— —tanh «- < cot pe = Q, (79 
Ca? +e x zp)” 


> 


a) 

of o- C c me ee ee , 
bal oe oe tanh «— — cot B _— ik*c?(sinh?« + cos"f) ayy Yo 
\Ca* op? Cx op 


=. i 
To solve equation (79) we put 

py = cosh asin B 6(«)d(8), 

sinha = &, cosP = 7. 


The equation separates into 


d dd 1 ‘ 
—_— 72 - ot + — —_— == t 
7 FA , =—|¢ 0 (81 
dé l 
and -| t. JA+ 19 = 0, (39 
an ae (f+ &2- 1 , ail 0 (82) 


where A is a constant of separation. 
The required solution of (79) is therefore 
%, = coshasinB ¥ A, Qt_,,(isinh a) P}.,,(cos 8). (83 
l=0 


The solution of (80), as already obtained in Part I, is 
%, = coshasin£B > B, R3(«)S4(f). (84 
t=0 
The superposition of these two solutions gives the complete solution 


w% = cosh asin B 2 An Q! . (a) P}.,,(B)+ > B R} (x) S4,(B)}e'. (85) 
1 1 te toes ul 


Rp 
11. Determination of the constants of integration A, and B, 
The boundary conditions, in this case, are 
oa — eee ta (iH 
(sinh*a, ++ cos*p)! (62 €3 OB) og 
w, sinh % Sin B ait -(- ] Sy 
ey =Xo 


(sinh?x, + cos?) © dx 
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which reduce to 


(tb) ya, = —}WoC? cosh?a, sin*B e' ) 
! 
ous 9 . : 9 lot f . (86) 
2 = —w,c* cosh ay sinh a, sin? e' 
\““*} A= Ae < 


Proceeding as in the case of the prolate spheroid, we introduce functions 
q,(x) and G,,,(a«) such that 
J,(x) = cosh « Qj. »(«) ) 
(87) 


4 


> G,.(a)P} (8) = cosh a R3(a)S4(B) | 
0 


nm 

Equating the coefficients of the associated Legendre functions of the 
same order, we get | | 

~ G,,,(~) = cosh « R},(a)f,,. (88) 


The boundary conditions take the form 


! 


b1r9¢2 cosh®ay PH(B) = ¥ [Ay Gn(2a)+ ¥ Br Ginl%o)|Pt-n(B) | 


n | 0 : , ; (89) 
w,c? cosh a sinh x, Pi(s) = > A, g,,(%)+ > B, Gin (40) | P3-n(B) 
n=0 l=0 y) 
where dashes denote differentiation with respect to «. 
Equations (89) yield 
len 2 cosh’; — 
1 Galie)-+ S BeGralae) = Hid cosh?a, * n ° 
\ or n > \. (90) 
2 ), 2 eos si = | 
tote S RG tad (wyc*coshaysinhay, for n = 0 | 
i= \0 for n > 0) 


Eliminating A,,, we get a set of algebraic equations 


a 
> B Gr n( X0) Gn Xo) Gi,» X9)In(Xo)§ 


(wc? cosh ap 4 cosh a9 9,(%))—sinh apg,(%»)] for n = 0 


: 91 
{0 forn > 0 (91) 


to determine the values of the constants B, These equations involve the 
coefficients f!,, and those so far tabulated only are of no use to us here. 


[X. Circular disk oscillating along the normal axis at its centre 


For deducing the stream function for the motion of the disk as a limiting 
case of the oblate spheroid we take the expression of the function R3,(é) for 
values of € near € = 0. The required expression, as in Part I, is K(k, é), 

5092 .3¢ M 
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which, apart from a constant factor, is given for even values of / as 


F(k, é) = ental ¥ fh, Ohm (vig) +ft, QL Wid)+ 


x 


1 
ra (He) Ps, vi €)—ie, Shik, vie), 
p 


ya 
n=2 


while. for odd values of /. 


Fi(k, €) = ei? saa > fh 1 G3n(ViE) + fy Qt E)+ 


> ( = +) Ph (Vi €) —te, SH(k, vig). 
The expression for the stream function for an oblate spheroid is now givenas 
% = coshasinf| > A, Q}_,(a«)P}_,(B)+ > B, F(a) Sh(B) je’ (92 
0 1=0 


n 


A,, and B, are determined by the equations 


. ,¢? cosh?x forn = 0 
A, Gnlae)+ > B) Fiala) = {2 0 
i= “ forn > 0 
(93 
a : w,c?cosha,sinha, forn = 0 
An Gul) + > ByHiplao) = |" —" 
i=0 \0 forn > 0 
where the function H,,,(«). being defined in the same way as G;,,,(«), is 
H,,(«) = cosha F(a)d'.. (M4 
In the limiting case when a, > 0, A, and B, are given by 
= 0 n 1 i=) . 
x © nue 9 — L 
lis, ¢2 — (Q ) 
A, q,(0)+ > B, H, (0) _ \> 0 for n 
0 ' 10 forn > 0 , 
> (95 
x 
A,g,(0)+ > B,H;,,(0) = 0 for all n 
i=0 


Elimination of A,, yields us a set of algebraic equations 


s BH,.,(0)g,,(0)—H’,,(0)g,(0)} = (3w,c?g,(0) forn = 0 6 
i=0 2 : , j {0 for n > 0 


for the determination of the B,. They are similar to the equations (91). 

In conclusion I wish to thank Professor B. R. Seth for his guidance in 
the course of the preparation of this paper. My thanks are also due to 
Professor L. Rosenhead and Mr. L. Sowerby for their helpful suggestions. 
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ON THE DIFFUSION OF LOAD FROM A STIFFENER 
INTO A SHEET 


By W. T. KOITER (Laboratory of Applied Mechanics, 
Technological University, Delft, Netherlands) 


[Received 31 August 1954] 


SUMMARY 
A rigorous solution is obtained for the diffusion of load from a semi-infinit: 
stiffener into an infinite or a semi-infinite sheet. A Mellin transformation, applied 
to the basic singular integro-differential equation of the problem, yields a differen 
equation in a strip of the complex plane which is solved by means of Laplace 
transforms. The final solution is obtained in the form of an inverse Mellin integra! 
which is evaluated by contour integration. 


1. Introduction 


TuE diffusion of load from a stiffener into a sheet is a fundamental problem 
of aircraft stress analysis. It occurs in many forms and it has been discussed 
by many authors, but so far very few if any rigorous solutions have been 
obtained. It is the object of the present paper to give the rigorous solution 
of this problem for an infinite or semi-infinite sheet with a semi-infinite 
stiffener of constant cross-section. 

A semi-infinite sheet with a semi-infinite edge stiffener of constant 
cross-section has been investigated by Buell (1) by means of a complex 
stress function for the sheet. Although his solution is entirely adequate 
for all practical purposes, it is not rigorous because the convergence of his 
process of successive approximations to an infinite system of equations has 
not been established. Benscoter (2) has discussed an infinite sheet witha 
finite stiffener, starting from the integro-differential equation for the shear 
stress between stiffener and sheet. He observed that this equation is 
formally identical with Prandtl’s equation for the aerodynamic load distri- 
bution over a wing of finite span, and therefore amenable to the same 
(approximate) methods of solution. Our rigorous solution for a semi-infinite 
stiffener is also based on this equation—which, apart from a different scale 
factor, also applies to a semi-infinite sheet with an edge stiffener—but the 
method of solution, i.e. the application of Mellin transforms, is quite 
different. It may be observed that our solution is likewise applicable te 
the aerodynamic load distribution over a semi-infinite wing. 


(Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 2 (1955)] 
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2, The integro-differential equation 
We consider an infinite or semi-infinite sheet (Figs. 1 and 2), loaded by 
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Fic. 1. Infinite sheet with semi-infinite stiffener. 
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Fic. 2. Semi-infinite sheet with semi-infinite edge stiffener. 








asystem of continuously distributed forces over the positive x-axis and 
directed along the negative x-axis; these loads are applied by the stiffener 
and their reactions act on the stiffener together with the end load Py. The 
direct strain €, along the x-axis in the sheet in the case of an infinite sheet 
is given by (2) ” 
— (3—v)(l+v) [ 79(€) 


ia ball l 
(, = maul a (1) 
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where the integral is defined as Cauchy’s principal value, and in the cage 
of a semi-infinite sheet by (3) 
2f T9() ; 
(€,)y=0 — EE. é—z dé, (2 
0 


where E is Young’s modulus and » is Poisson’s ratio. The axial strain in 
the stiffener is given by 
l 4 
€rs = ci oh | T9(€) ae}, (3 
sash 3 
where E, is Young’s modulus for the stiffener, A, is the area of the cross. 
section, and A is the sheet thickness. Equating expressions (1) and (3) (or 
(2) and (3) for a semi-infinite sheet) yields the integro-differential equation 
for the shear stress 7,(x) between stiffener and sheet. 
The integro-differential equation may be written in non-dimensional 
form by the following substitutions for an infinite sheet 


‘ E, A, - « E, A, é 

x = }(3- v\(l+v) &, E = 4(3- -¥\(1-+v) S| 
(4) 

he ae | 

0" (83—v)(1+r) BA, ° 
the corresponding substitutions for a semi-infinite sheet are 
E,A, - - E, A, = P, E = ~ 
x ——r, € = —— 6, T) ——— Tg. (3 
Eh Eh E,A, 


Dropping the bars over the non-dimensional variables, the basic integro- 
differential equation now reads 
. ue 4 

olf) dé + | t,(€) dé —1 = 0. (6 


. 


0 0 


9 
T 





— JT 


wm!) 4 


The additional requirement that all stresses vanish at infinity is expressed 
by the equation ‘ 


[ T(E) d€ = 1. (7 


0 


‘Aa3 


3. Solution of the integro-differential equation 
We multiply both sides of (6) by 2*-! and integrate from x = O0tox = %, 
obtaining 
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Formal inversion of the order of integration in the first term and integration 
by parts of the second term results in 


os Pat - 
—— | £-1,,(€) dé — dione wr,(x) dx = 0. (9) 
7 —7 8 
> pits ; 
Introducing the Mellin transforms (4) 
T)(s) = | x-l7Q(x) dx, (10) 
0 
* xs 1 
H(s) = | — ae, (11) 
J1l—z 
0 


this equation is written in the form of a difference equation with variable 
coefficients for the transform T,(s) 


T,(s +1) = —=sH(s)T,(s). (12) 


a) 


7 


The foregoing formal analysis may be justified if the following assump- 
tions are made on the behaviour of 7,(x): 
(a) zo(x)aA— is L(0, 00) for all A in a range 6 << A < 1, where 0 <b <1; 
(b) ro(E)—t9(x)| < F(x)'€—ax for all |€—x| < ex, where « < 1 is an 
arbitrarily small positive number and F(x)x* is L(0,20) for all A in 
the range b << A < 1; 
x 


ra { 7 () dé — 1| +0 and 2x | T(E) dé +0 


0 x 


forrz—>oandbB<A<l. 


These assumptions may be verified once the solution has been obtained. 

It is now obvious that integration by parts of the second term in (8) is 
justified by assumption (c) in the strip 6 < res < 1. In order to justify 
the inversion of the order of integration in the first term we writet 











rs-l dx rAS) dé 
c¢—Z 
0 . 
4 r(1—e) A xr(1+e) 2 
lim | | x-ldzx | Tolé) dé+ | xsl dx TofS) dé +- 
Ae €—zx J E—2xX 
0 . 0 z(1—e) 
4 Ase 4 ° 
4. | xsl dx | TolE) dé+ | x*-1dz | Tol€) dé, (13) 
: ; §-e" a | 2 oe 
0 r(1+e) 0 A(1l+e) 


+ The author is indebted to his colleague Professor 8S. C. van Veen for helpful criticism 
of this inversion 
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where 0 < e < 1. Bearing in mind that the inner integral in (8) is defined 
as a principal value, the inner integral in the second term is also defined 
as a principal value, and it follows from assumption (6) that the second 
The last 


1 on account of the 


term in (13) is bounded and of order « in the strip ) < res < 1. 


term tends to zero for A > =~ in the strip b < res < 





inequality 
A x A « 
ye THE) x0 Pai ] dé 
x-1 dx aon: dt < | xs-1| dx | T)(€)| — 
. . é— c a J Ae 
0 4(l-+€ 0 A(l+e 
1 1 F 
ia ee To(€)| dé, (14) 
Ae oz P 
A 


where o = res. In the two remaining terms the order of integration may 


be inverted (cf. Fig. 3). Putting x € = 7, we write 


=X 
Eaxg-a® 


E=x(1+€) 
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A(QI~E) a(t+&) & 
Fie. 3. 
A z1l-e { A(1+€) 
i T9(€) Pt? E 
lim! | de | des | word | ol) gel 
Ao] , ¢ —Z p . €é—2 } 
0 0 0 ril+e) 
A(l—e A 4(l+e €/(1+€) , 
; q ‘ . at 
= lim | r,(f) dé we OF | To(€) dé | dx 
Ax} J §—% f—x | 
0 é\(l-e 0 0 
A(1—e A/é A(l+e) 1/(1+e) 
. 1 s—] (¢ 3 7? , 4 g—1 - . / | 
= lim | €-17,(€) dé | —— dn + | &-17,(€) dé ————. $9 
A-o| . ee : J l-—yn |} 
1/(l—e 0 0 e 
(15) 
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The limit of the second term may be written down immediately. In order 
to obtain the limit of the first term, we write, with 0< B< A, 








A(l-€ Alg 
. , ; , » 78 1 
sy lr 9(€) dé = “ dy 
; ‘ l—y7 
0 1(l-—e 
Bil-e Alg A(1—e) Al€é 
? » a e° Y ae 
| &-17,(€) dé | dy + &8-17,(€) dé dy. 
; ji } | 
0 1/(1—e) Bil—e) 1/(l—€) 


Because A € > 1 (1—e). the inner integral exists, and it remains bounded 
for 4 > co in the strip b < res < 1. Therefore 





A(l-e Alt 
; y . aft 
lim | &8-17,(£) dé | is dy 
— , 
0 1(1-—e€) 
Bl—e, x 
ig : q 7 s—1 ’ 
— | €*-17,(&) dé | — dy + remainder term, 
A . —? 
; 0 1/(l—e€) 
where és 


remainder term’ < 


- | s—1 | 
gry) dé | | 2—Idn. 
—7| 





B(l—e) 1)(1—e) 
If we now let B tend to infinity, the remainder term tends to zero. Hence 
we may write (13) in the form 








rs-l dx | 708) ag 
¥ 0 ? 1/(1+€) 
= | e246) de| | a an+ | < dn\+O(6) 
0 | 0 1/(1—e) 7 ) 
x 1—e€ = , 
— | &§ 17 (£) dé! | a ae | iii dy\+O(e). (16) 
J J gi-9 J 


This result holds for ¢ arbitrarily small. If we let « tend to zero, we obtain, 
frb<res <1, 


where the integral H(s) is again defined by Cauchy’s principal value. 
In order to evaluate the integral H(s), we write 


( eal = | 

a . . 

7] <0| | =e | a 
0 l+e 








Ste 
H(s) = - aes dy = lim 
ji- a 


/ 











170 

























Ww. 





5 iss 





KOITER 


and change the variable in the second integral into € = 1/7: 





1l—e : 1/(1+e) 
,8- ¢ Y-s 
Hts) = lim| | » aa dyn — | ae at| 
eo] . |] — n 1—¢ | 
0 0 
i—e¢ , 1/(1+€) , 1 ' 
he 8 — 8 P *-—s ‘g 8 —— 
== Lim! piece dyn — | Dw ac| = | » inns. Hs dy. (18) 
<0| at. a i—¢ | l—y7 
0 1l—e 
Applying Legendre’s formula (5, p. 260) 
1 
r gel] d log T(s) 
sas GR ae es wy, ( 
| z—1 - . ds ’ (19) 
0 


where y is the Euler—Mascheroni constant (= 0:5772157...), we obtain 


finally ’ ‘ 
: llog T'(s llog T(1—s 
H(s) = — : aE = 7 cot 7s, (20) 





holding for 0 < res < 1. 
The difference equation (12) may now be written in the explicit form 
T,(s+1) — 2s cot zs T;(s), (21) 
holding for 6 < res < 1. The solution of this equation has to satisfy the 
condition that 7J)(s) is acceptable as the Mellin transform of 7)(z), ie. 
T)(8) > 0 for |s| > 00 in the strip b << res <1. The solution obviously 
contains an arbitrary constant factor which may be determined from the 
‘boundary’ condition (7), viz. T)(1) = 1. 
It may now be observed that 7),(s), which is regular in the strip 
b<res<l 
on account of assumption (a), is also regular in the wider strip 
6< ree < 2. 
This statement is proved by considering the inverse transform in the 
second term of (6). 
r c+ian 


* =. 
0 c— ix 


where b <c < 1. On the other hand, we may write 





r r c+ic c+ia 
* . l . l fad ] 
T(E) dé - 9 | T)(8)E ‘ds = — on y Ths) s+1 ds. 
J J 2m . 27 J 8—l 
0 0 c-—i« c—ix 
Writing 
e+1+iza c+ia 
l 4 ] q ] 
Dees | pacer BOE i as os | a-8+l ds, 
271 s— | 271 s— 1 
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we may obtain the equation 


ct+ia c+io 





e , ' 
~ | *_[Ty(8)- Lja-*+1 ds = — —. ~T)(s+ 1)a-$ ds +- 
m7 s—l 2m 8 
e—iax c—ix 
e+1+ia 
4 | y+ ds, 
2m s— 
c+1—io 


Writing s-+1 = s’ in the first integral in the right-hand member and s = 3’ 
in the second integral, this equation becomes 
c+i« c+1+in 


[ [t(e)—1}2-*+ de = 


c—i« c+1—io 


A. - [ Ty(s’)— 1 Ja-* +! ds’. 


s—l 





From a general theorem} given by Titchmarsh (4, art. 9.9) it now follows 





_e . ; , ve 
that wy T,(s)—1] is regular in the, strip ¢ < res <c+1 and the proof 


that 7,(s) is regular in the strip b < res < 2 has been completed. 

Finally, it may be stated here that the problem may also be attacked 
without recourse to the integro-differential equation (6). The state of 
stress in the sheet is governed by a stress function which satisfies the 
biharmonie equation. Applying the Mellin transform to this biharmonic 
equation and its boundary conditions ultimately results in the same differ- 
ence equation (21) for the Mellin transform of the shear stress between 
stiffener and sheet. This alternative approach may also be used in similar 
problems where the kernel of the integro-differential equation is not known 
beforehand, e.g. for a wedge-shaped sheet with a semi-infinite stiffener. 
We may return to this more general problem in a later paper. 


4. Solution of difference equation (21) 
In order to simplify (21) we write 
, , l 
T,(s) = 2*T'(s) ———_y(a). 22 
sin }zs 
Substitution into (21) yields the equation 


y(s 4] ) COS 778 


= —— y(s) (23) 
cos 7s — | 

with the ‘boundary’ condition y(1) = $. The factor 2*I'(s) in (22) has been 

introduced for obvious reasons. The factor (sin }7s)-! serves to make the 


+ Titchmarsh formulates his theorem for Fourier transforms; its analogue for Mellin 
transforms is then nearly obvious. 
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cofactor of y(s) in (23) tend to 1 as ims + +00 in the strip 6 < res < 1, 
Taking the logarithmic derivative of (23), we obtain 


7 Sin 78 











x @e- ] —z(s) = = 8 2 
a ii cos 778(cos 7s— 1) f(s), (24) 
where x(s) = a = (25) 


Equation (24) is much simpler than (21) because it is a difference equation 
with constant coefficients and it is solved by Laplace transforms.+ Assuming 
that x(o0+ir)eH" is L(—00, 00) in the strip b < o = res < 1 for all yp in the 
range —7 < —d <u <d < 77, we may introduce the transforms 








c+ is 
X(w)= | 2x(s)e% ds, (26) 
c + 10 c + ta0 ‘ 
Bs 7 SIN 7s = “ 
F(w) = | f(s)es’ ds = | es” ds, (27) 
F COs 778(COs 78s — 1) 
c—ix c—ia 
where b<¢ < l and —d <v =imw <d. Equation (24) is now trans- 
formed into (e-”¥—1)X(w) = F(w) 
: , : & 
with the solution X(w) = — —s F(w). (28) 
ew 
The solution of (24) is now obtained by means of the inverse transformation 
= 9) 50 
» F< ; ] hg P 
2(s) = —. | X(w)e-* dw = ——. | —— F(w)e—“* dw, (29) 
271 2a ev—] 
—o —o 


where 6< res <1. It may be observed that w= 0 is not a pole of 
(28) because ete 


r od COS 778 
F QO)= : ] — ds = Q), 
(9) | z\ °8 cos or | F 


c—ia 
In fact, this is the reason why we introduced the factor (sin }7s)-! in (22), 
The general solution of (24) is now obtained by adding to (29) any 
function with period 1. However, such a function cannot satisfy the 





simultaneous requirements that it tends to zero for |s| > oo in the strip 
b < res < 1 and that it is regular in the strip b < res < 2, and it must 
therefore be omitted. 
The evaluation of F(w) (27) and 2(s) (29) is performed by standard 
methods of the calculus of residues. The results are 
erie —t) 
(e+ 1)(e?+ 1)’ 


+ The author is indebted to his collaborator Mr. J. B. Alblas for the suggestion that 4 


F(w) = —2z7i (30) 





homogeneous difference equation may take a more convenient form by applying logarithmic 
differentiation. 
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in agreement with F(0) = 0, and 
7 a(3— 2s) 


x(s) => _ . (31) 


2sin7s sin 27s 





It is easily verified that (s) is regular in the strip } < res < 2} and that 
it satisfies the assumptions made with the introduction of its Laplace 
transform. A solution of (21) with the ‘boundary’ condition 7)(1) = 1 is now 


98s-1T/e . 2__ 9s 
T,(s) = = I Sexo} | 7 73 2z)) dz (32) 


sin $78 2sinzz | sin 2nz | 


given by 








where } < res < 2 and the line of integration lies in this strip. The 
exponential factor is bounded for |s| > oo in this strip and its cofactor 
tends to zero exponentially. Our result therefore satisfies all requirements 
on 7;,(s). 

It should be noted that the solution of (21) with ‘boundary’ condition 
T(1) = 1 is not unique. In fact, alternative solutions are obtained by 
multiplying (32) by any function Q(s) of period 1 which is regular in the 
strip b < res < 2 and equal to unity for s = 1. However, such a function 
is at least of order e?”* for |s| > 0 in this strip, and the alternative solutions 
therefore violate the requirement 7)(s) > 0 for |s| > 00 in this strip. Hence 
(32) is the only solution which satisfies all requirements on 7)(s). 

The exponential factor in (32) may be expressed in Alexeiewsky’s G- 
function, defined by (5, p. 264), 


= ~\n | 
G(z+1) (27) ee—bae+0-Ave* | [ {(1+2) a (33) 
n=1 
where y is again the Euler—-Mascheroni constant. We write 


. 2 1(3— 2z)) 








8 
: £ 
= | ene +. #7(3— 2z)(cot mz 4 tan m2)| dz 
2) \|sin zz | 
i 
. 
Left «a 
=s = — 22(z—1)cot 7z+-7 cot 7z+ 2n(z—$#)cot n(z—4)\ dz 
2) |sin zz " 


1 “ m(1-+-cos 7z 
- | [x(1+ 00898) _ 9,15 tent o(s—1)-+Sa(s— Shoot a(e—8)) dz 





J | sinzz | 
1 
8 s-—l 8s—3 
~ 1] - 

COS 5772 ’ . ’ 

| beatae OS az’ cot 7z’ dz’ + [ mz” cot 72” dz”, 
= : l_w~ 
Sin 5 p 


- 
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where in the second integral we have written z—1 = z’ and in the third 


vu 


integral z— 3 = 2”. Applying the formula (5, p. 264) 


G(1—s) 
kat --+ slog 27, (; 
® Gas) s log 27 34) 





| zz cot 7z dz = lo 


we obtain after a simple reduction 


8s 
. 





T m(3—2z , G(4)G(s)G(3—s 
| 4 #G—3)\ 3. = log! sin }xs - 3) is) 3 | (35) 
J |2sinzz sin 2zz | “| *  G(8)G(2—8)G(—4+8)} 


1 
The result (35) remains valid for all s in the complex s-plane except when 
the line of integration in the left-hand member passes through or ends in 
one of the poles of x(s) defined in (31), viz.s = Oors = l+n(n = 2,3, 4...) 
or s = 3+k (k = 1, 2, 3,...). Using the recurrence relation (5, p. 264) 
G(z+1) = I'(z)G(z), (36) 
expression (32) may now be simplified into 
28-1 G(s+1)G(3—s) 


08) = TG) Gle—HG2—s) 


(37) 
It is now easily verified that (37) indeed satisfies (21) in virtue of (36) and 
the gamma function formula 
T(z)Pq —z) = ——_-. 
sin 72 
It may be observed that 7)(s) is a meromorphic function because G(z+1) 
is an integral function with n-tuple zeros z = —n (n L. 2. 3... ae 
poles of 7,(s) are n-tuple poles s = n+1 (n = 1, 2, 3,...) and k-tuple poles 
e= §—E£ (& = 1, 2, 3....). 
The required non-dimensional shear stress distribution between the 
stiffener and the sheet is now obtained by means of the inverse Mellin 





transform 
c+ia c+i« 
] q ] rP —-98-1 Gis+1)G(2—s8 
T(t) = — | T,(s)a-* ds = : | rl 7 : = ys ds, (38) 
2m , 2mt_ J) ='(4) G(s—4)G(2—s) 


c—ix c-—ix 
where 4 < c < 2. The axial load P(x) in the stiffener is given by 


Py 2m l—e 


0 c—ix 


— $) 


io 7 > 
P(4)(1—s) G(s—})G(2—s) 
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xz1-8 ds, (39) 





l [ 2-1 G(s+1)G( 


c—ia 


where } < c < | and z is the non-dimensional coordinate. 
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5, Evaluation of solution 

Evaluation of (38) and (39) by numerical integration is cumbersome. 
However, it will be shown that the line of integration may be closed in 
the left half-plane res < c if the contour does not pass through any pole 





of (37). We take a rectangular contour with sides res = c, res = —k+3, 
where & is a large integer, and ims = +7, where 7 > 00. It is easily seen 
from the bounds on the exponential factor in (32) that the contributions 
of the sides im s +7 tend to zero for 70. Furthermore, we write 
nA 98 1T(s) G(s)G(3—s) 
Ty(s) = (1 "9 7 1 
P(4) G(2—s)G(s—$) 
28 1T'(s) s~1 
rd oy — | xzcot az dz + (s—1)log 27+ 
2) 
s—3 P \ 
+ | xzcot xz dz — (s—3)log id 
0 
28-1]"(s) s—1 
= FQ) exp) — | mzcot az dz + }log aa (40) 
2 Pa 
where the exponential factor is seen to be O(e*) on the line res = —k-+3. 
It is now obvious from the asymptotic expansion of the gamma function 
that the contribution of the side res = —k-+-? of the rectangular contour 
tends to zero for k > o. 
The solution may now be written in the form of the series 
T(x) = > residues of [7)(s)x-*] in s = —k+ 3, (41) 
k=1 
P(x : ; T,(s ‘ 
“~) —1— Y} residues of Fol8) yas ins = —k-+ 3, (42) 
j A thas l—s . 
k=1 
where 7)(s) is given by (37), and the series are convergent for all x > 0. 
Because s = —k+-3isa k-tuple pole, these series may be written in the form 
=i l { d*-1 | 
7(t) = > - —__[(s+k—3)'Ty(s)a-* 43 
o(Z) 2, 1 dsr 5) o( _ ( ) 


P(x) _ 22 . ] | q*-1 J(e+e—2) |} (44) 


= pa (k—1)!|ds*— l—s Jo-—k+4 


The first few terms of the series (43) and (44) may be calculated in ¢ 
straightforward manner, using the formulae 


- 1 
= f(s) f(s)< log f(s), 
ds ds 


r me i tess 18... \2 
724 (8) f(9)| Zaloesie)+ {7 lors) | ete. 
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By means of the recurrence relation (36) the final result for the stiffener 
load is obtained after some elementary but tedious algebra: 


P(x) /(2ax x ax, ae 
RN (=) 3a J (Flee 2+-H(8)—logz]— 


— at (=) 


\or? N 








ner 


)+{+log 2+4(3)—log x}*]-+.., 


7 


[[Dy 
= 1— =) [1 —a(0-25425 —0-10610 log x) + 
N 


+.x7{0-0086265—0-018888 log 2 +-0-0033774(log x)?}+...], (45 


where ¢(z) is the logarithmic derivative of the gamma function, and dashes 
denote differentiations. 

The series in (45) is rapidly convergent when z is not too large, say x < 2, 
as may be seen from Fig. 4, where the curves a, b, c show the result by 
taking consecutively 1, 2, or 3 terms of the series between brackets in (45). 
It should be noted that between x around 0-5 and x around 1-5 the curve 
c lies below curve b, the maximum difference being approximately 2 per 
cent., and that from a value of x slightly above 1-5 curve c lies above curve 
b, the difference becoming important for > 2. For large x the conver- 
gence is slow and the series (43) and (44) are not convenient for numerical 
computations. In fact, it appears that for 2 between, say, 2-5 and 5 the 
approximation by three terms between brackets in (45), curve c, shows 
even larger errors than the approximation by two terms, curve b. 

However, a useful approximation for large x is obtained from the asymp- 
totic expansion, deduced from (39) by contour integration in the half-plane 
res >c. The first few terms of this expansion are readily written down 
as the residues in the simple poles s = 1 and s = 2 and in the double pole 
s = 3. The resulting asymptotic approximation for large 2 is 

D( > . 
— — a 4 (log 2—y—log x) Lo. (46) 
0 — 

This result, retaining one or two terms in (46), is also depicted in Fig. 4 
(curves d and e), and it is obvious that a satisfactory result for all x > 0 
is obtained by linking the convergent expansion for small and moderate « 
with the asymptotic expansion for large x. This link has been drawn in 
Fig. 4 (curve f); the maximum possible error is estimated to be at most a 
few per cent. 

A comparison with Buell’s results shows very satisfactory agreement. 
Buell’s curve for the stiffener load agrees with curve f in Fig. 4 within a 
few per cent. Our solution may serve to judge whether the number of 
unknown coefficients b,,/P (notation of (1)) retained by Buell is adequate. 
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Fic. 4. The stiffener load as a function of the non-dimensional coordinate. 


According to his solution the first two terms corresponding with our 
expansion (45) are (1, equation (42)) 


P(zx) 2 2 Snnb 
— La. i «t\i--+- - —— . 47 
P aE = P | ie 
The equivalence of (47) with the first two terms in (45) requ‘res 
=. nab, ones 
; +z =, (47)—1 == 0-253314. (48) 


N 
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Buell has solved his infinite system of equations approximately by retaining 
at most six equations and the first six coefficients. His result yields 


nab ee 
=—" — (-247108 
P ; 
n=1 
indicating an error in the verification of (48) of around 2-5 per cent. 
Finally it may be remarked that the numerical work required for 
evaluation of the present rigorous solution is negligible in contrast to 
Buell’s approximate solution. Howeven, this reduction in numerical com. 
putations has been bought at the expense of considerably more analytical 


work, involving more advanced methods. 


Note added 8 March 1955 


A. Pfliiger (“Halbscheibe mit Randglied’, Zeitschr. f. angew. Math. u, 
Mech. 25/27 (1947), 177) has also observed, independently from Benscoter, 
that the basic integro-differential equation is formally identical with 
Prandtl’s equation. 
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